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PREFACE. 

One of the purposes for which the Board of Mathe- 
matical Studies was established, was to communicate to 
Students "correct views of the nature and objects of the 
Mathematical Examination ;^' and, in furtherance of this 
purpose, the Board has, from time to time, defined more 
strictly the limits of the subjects of examination, and in- 
formed the Students of the nature of the work which was 
required from them. 

The Moderators and Examiners conceive that they are 
further promoting this object by giving to future Candidates 
for Mathematical Honors an opportunity of examining the 
Solutions of the Problems and Riders proposed at the last 
Examination as prepared by the Proposers themselves, and 
thus of ascertaining still more clearly the nature of the 
examination to which our Mathematical Students have been 
ordinarily subjected. 

' Cambridge, May 6ihf 1857. 



SOLUTIONS OF SENATE-HOUSE PKOBLEMS 
AND EIDERS 

FOR THE YEAR EIGHTEEN HUNDRED AND FIFTY-SEYEN. 



Thursday, Jan. 8, 1857. 1 to 4. 



1. Three circles, A^ B^ G^ (fig. 1) intersect in a common 
point, the other intersections of (5, C), ((7, -4), [A^ B)y being 
a, ^, 7, respectively. If 6, c, be points in 5, (7, respectively, 
such that J, a, c, lie in a straight line, prove that a, the inter- 
section of ^7, c)8, produced, lies in the circle A, 

Since the sum of the angles of a triangle is equal to two 
right angles, we have 

a + i-f c = 7r; 

and, since two opposite angles of a quadrilateral inscribed in 
a circle are together equal to two right angles, we have also, 
/being the conmion point of intersection of the three circles, 

h H- 7/a = TT, c + a/)8 = TT. 

From the above three equations we see that 

7/a + ol/)8 = tt + a : 

but fily-^yIa-\-aII3 = 27r: 

hence fily + a = tt, 

and therefore the point a must lie in the circle A. 

This theorem was communicated to LiouviUe's Jawmal de 
Mathimatiques by M. A. Miquel; Tome Troisifeme, ann^e 1838. 
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2. Shew that the sum of all the harmonic means, which 
can be inserted between all the pairs of nmnbers the smn of 
which is fly is 

Let X be one number : then n — x will be the other 
number of the pair; and, if H be the harmonic mean be- 
tween them, 

^^ 2x{n-x) ^ 

n ' 
2 
therefore, Sfl" = - S [nx — t?) 



n[l+2+...+ (7?-l)]-[l'^+2«+... + (n-l)^ 
-1) (n-1) n(2yi-l) 



2 f n{n 
n ( 5 



1.2.3 
w-1 



{3w - 2w + 1} 



3 
3. Eliminate between the equations 

X 



- = cosO + cos25 (1), 



a 



| = sine + sin25 (2). 

Squaring and adding the equations we have 
-a4|j=2 + 2 cos5; 
and, from (1), - + 1 = cosO (1+2 cos^) 
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4. From a point on the side of a hill of constant inclination 
the angle of elevation of the top of an obelisk on its summit 
is observed to be a, (fig. 2), and, a feet nearer to. the top of 
the hill, to be fi ; shew that, if Ji be the height of the obelisk, 
the inclination of the hill to the horizon will be 



cos 



a sin a sin/S' 

h ' sin(/S 



3in)9| 

-a)}' 



Let X be the distance from the second place of observation 
to the top of the obelisk : 

rx sin a , cosS 

then a . ,^ r = a; = A . 



therefore cos0 = 



sin(/8 — a) 'sin/S' 

a sin a sin )3 



and = co8~^- 



A" sin (/S- a)' 

a sin a sin^S' 



Ji sin(]3 



-a)}' 



5. Each of three circles, within the area of a triangle, 
touches the other two, touching also two sides of the triangle : 
if a be the distance between the points of contact of one of 
the sides, and J, c, be like distances on the other two sides, 
prove that the area of the triangle, of which the centres of 
the circles are the angular points, is equal to 

i(iV + cV4-a^i'^)*. 

Let a', h\ c', be the radii of the three circles, their re- 
spective centres being A^ B^ (7. 

Then, (fig. 3), V + d being the hypotenuse of a right-angled 
triangle, one side of which is V — 6 and the other is equal to a, 

a« = (J' + c7-(6'-c7 = 46V: 

similarly V^^c'a^ c^ — ^aV, 

Hence - = 2a' ^ = 2J', — =2c'. 

Let BC=a^^ GA = \^ AB=c^. 

Then a^=:^b' + c\ \ = c'-\-a\ c^ = a+b\ 

B2 
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and consequently, 

J, + c^ — ttj = 2a', 
c, + a, - Jj = 2*', 
a, H- 6j — Cj = 2c'. 
Hence the area of the triangle ABC is equal to 
{a'6'c'(a'H-J' + c')}*, 

6. The acute angles, which the distances of two points of 
an ellipse from the same focus make with the respective tangents 
at the points, are complementary to each other: prove that 
the square on the semi-axis minor is a mean proportional be- 
tween the areas of the two triangles, of which the two points 
are the respective vertices, and the distance between the foci 
the common base. 

Shew that the problem is impossible unless the axis minor 
is less than the distance between the foci. 

Let P, Py (fig. 4) be the two points, and 0, ^', the inclina- 
tions of the focal distances of P, P, respectively, to the tangents 
at P, P. Let -4, A'^ be the areas of fiPJB", SBH^ respectively. 

Then A = i/8P.SP.sin2<^ 

= ^ » 8, — ^ = -Bu'.cotA. 

2 sm*^ ^ 

Similarly, putting A' for A and J tt — ^ for 0, we have 

A' = BC\tsji<l>. 

Hence A : BC : : BC : A'. 

The greatest value of either A or A' is ^ 8H.BC: hence, 
that the problem may be possible, 

BC'<i8H'.BC' 

or 2BC<8K 
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7. CP, GD^ (fig. 5), are two conjugate semi-diameters of an 
ellipse: Rr is a tangent parallel to PD: a straight line GIJ 
cuts at a given angle PD^ Rr^ in /, /, respectively: prove 
that the loci of /, c7, are similar curves. 

Let the tangents at P, jD, meet in a point T: join (7T, 
cutting Rr and the ellipse in Q and the chord PD in N. Then, 
by a property of the ellipse, PCDT is a parallelogram. 
By similar triangles, 

CI:CJ::CN:CQ (1) : 

also, by a property of the ellipse, 

GN:CQ::CQ:CT, 
and therefore, since CT=2CN^ 

2CN'^CQ' (2). 

By (1) and (2), we see that 

or : CJ' :: CN' : GQ" 
:: 1 : 2 ; 

hence CI is to C*/" in a constant ratio, and therefore the loci of 
/, Jj are similar curves. 

8. A fine string AGBP^ (fig. 6), tied to the end -4 of a 
uniform rod AB of weight W^ passes through a fixed ring at 
(7, and also through a ring at tiie end B of the rod, the free 
end of the string supporting a weight P; if the system be in 
equilibrium, prove that 

AG:BGy.2P^- W: W. 

The equilibrium will not be afiected if we suppose the 
weight P to be placed at B. Let G^ on this supposition, be 
the centre of gravity of W and P: then, 2a being the length 
of ^jB, 

The system being in equilibrium, CG must be vertical. 
Since the forces along ACj BCj are each equal to P, they must 
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make equal angles with the vertical line CGj or their resultant 
would not, as is necessary for equilibrium, act in the direction 
GO. Hence 

AC:BC::AG:BG :: 2F + W: W. 

9. A picture is hung up against a rough vertical wall by 
a string fastened to a point in its back, so that the picture 
inclines forwards : apply the principle of the triangle of forces 
to find the inclination of the string to the wall, when its tension 
is the least possible. 

Let W= the weight of the picture, (fig. 7), B = the hori- 
zontal reaction of the wall, F= the friction, which acts vertically 
upwards, T= the tension of the string. Also, let be the 
angle at which the string is inclined to the wall, and a be 
the angle which /S, the resultant of F and B^ makes with the 
wall. 

Since there is equilibrium, 8^ T, and TF, pass through the 
same point; and, by the principle of the triangle of forces, 

T sing 

Tr""sin(a + 6^)' 
a being such an angle that 

cota = -^. 

Hence T will be least when sin(aH-0) is greatest and sin a 

least. But sin (a + ^) is greatest when a4-^ = ^7r; and sin a 

F 
is least when the ratio -^ is greatest, or when the picture is 

on the point of sliding. Hence, if tans be the coefficient of 
friction between the wall and the picture, we shall have 

a = j^7r — e, = e, and T=^W.secej 

when T has its least value. 

10. A lamina, cut into the form of an equilateral triangle, 
is hung up against a smooth vertical wall by means of a string 
attached to the middle point of one side, so as to have a comer 
in contact with the wall ; shew that, when there is equilibrium, 
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the reaction of the wall and the tension of the string are inde- 
pendent of the length of the string, and that, if the string 
exceed a certain limit, equilibrium in such a position is im- 
possible. 

Let ABC (fig. 8) be the lamina, having the comer B in 
contact with the wall, AD the perpendicular from A on BC^ 
JED the sustaining string, G the centre of gravity of ABC. 
Then, if W be the weight of the lamina, T the tension of the 
string, and R the reaction of the wall, the directions of T, TF, R 
must pass through a point. 

Let F be the point through which they pass. 

Since, in the quadrilateral BDGF^ each of the angles 
BDG^ BFG^ is a right angle, a circle may be described about 
it. Therefore the angle BFD = the angle BGD = 60°, and the 
string DE is inclined at an angle of 30° to the wall, whatever 
be its length. Hence, from the triangle FBF^ which has its 
sides parallel to the directions of the forces T, TF, R^ 

^=sec30°=A, ^ = tan30°=i3; 

WD ain WJ^T) 

also -^^ = . ^^o ; and therefore ED = 2BD sinEBD. 
BD sm30 ' 

Now the greatest value of smEBD is 1; and therefore the 
greatest length of string, which is consistent with equilibrium, 
is the length of a side of the triangle. 

11. A ball is projected from the middle point of one side 
of a billiard table, so as to strike in succession one of the sides 
adjacent to it, the side opposite to it, and a ball placed in the 
centre of the table; shew that, if a and b be the lengths of 
the sides of the table, and e the elasticity of the ball, the incli- 
nation of the direction of projection to the side a of the table 
from which it is projected must be 

tanM-.-T-rT 
a 1 +e 



Vcoai 
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Let V be the velocity of projection, and the required 
inclination. Then the 

velocity perpendicular to the side from which the ball starts= Fsin^; 

parallel = Fcos^. 

Now, since Fsin^ is not affected by the first impact, and 
is altered in the ratio of 6 to 1 by the second, we have, if T 
be the time till the ball is struck, 

•^ ■" Fsin^ ^ eFsin^ *" Fim^ V^2e) ^^^• 

Also, since Fcos^ is not affected by the second impact, and is 
altered in the ratio of e to 1 by the first, we have 

Td "^ eFcos^ " lU^0 [2 "^ 2e) (^)- 

Hence, equating (1) and (2), 

a l-\-e ' 
and = tan-{^ It^^ . 

12. A perfectly elastic ball is projected at an inclination fi 
to a plane inclined to the horizon at an angle a, so as to 
ascend it by bounds; find the inclination to the plane at 
which the ball rises at the n^ rebound, and shew that it will 
rise vertically if eotyS = {2n + 1) tana. 

By the second law of motion we may consider separately 
the motion of the ball parallel and perpendicular to the plane. 
Hence, If jTbe the time till the n^ rebound, 

^ 2FsIn/3 . 2Fsmy8 

^""T^^^ + T^^^-*" tonterms 

2FsIn/3 ^ 
g cos a 

and the velocity along the plane at the n*^ rebound 
= Fco8y8-9r sina.r 
= F cos;8 - tana . 2n F sinyS. 



= n. , 



1-4.] PROBLEMS. 9 

Hence, If 5 be the inclination of the ball's path to the plane 
at the ri^ rebound, 

Fsin/3 



tan5 = 



F cosyS — 2n F sinyS . tan a 
tan/3 



1 — 2n tana. tan/3 * 
If the ball rises vertically, 5 = ^tt — a, and 

tan/3 



cota = 



1 — 2w tana.tanyS* 
Hence cot a - 2w tanyS = tan ;8, 

and cot^S = {2n + 1) tana. 

13. A string, charged with n + m+1 equal weights fixed 
at equal intervals along it, and which would rest on a smooth 
inclined plane, with m of the weights hanging over the top, 
is placed on the plane with the [m + 1)"" weight just over the 
top ; shew that, if a be the distance between each two adjacent 
weights, the velocity which the string will have acquired, at 
the instant the last weight slips off the plane, will be 

{na^]K 

Since there is equilibrium, when m weights hang over the 
top of the plane, we have, a being the inclination of the plane 
to the horizon, 

(n+1)^ sina = mgj 

and therefore sina = . 

n + 1 

Suppose the (w + r)"" weight has just passed over the top 
of the plane with the velocity v^ : the acceleration of the string 
will be 

(tw -f r) — (ti — r + 1) sina 
m-\-n-\-l ^ 

__ (m + r) (w + 1) — (w + 1 — r) m 
(m + « + l)(w + l) ^ 

r 
9' 



w + 1 
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Hence, if v^^^ be the velocity of the string when the 
(w + r+l)"" weight has just passed the top, 

And, giving to r the values 1, 2, 3 «, successively, and 

observing that v^ = 0, we have the equations 



n 



'^\^^ — v« = 2ag' : 

adding <^, = 2ag ^—^^ 

and therefore v^^ = (^^5')*- 

iZewi. The preceding solution requires that the velocity of 
each weight should not be altered in passing over the top of 
the plane, and that the weight should not shoot off the plane. 
These conditions will be satisfied, if we suppose the string to 
pass through an indefinitely short circular tube at the top of 
the plane, the curvature of which is such that the tangents at 
the extremities of its axis are in the directions of the ascending 
and descending portions of the string. 

14. A perfectly elastic ball is projected with a given velocity 
from a point between two parallel walls, and returns to the 
point of projection, after being once reflected at each wall; 
prove that its angle of projection is either of two complemen- 
tary angles. 

Let V be the velocity and 6 the angle of projection, t the 
time of flight, a the distance between the walls. 

Then, the vertical movement not being affected by the 
horizontal impacts, 

2F8in5=,7«. 
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Also, the elasticity being perfect, the magnitude of the whole 
horizontal motion is the same as if the walls had not existed : 
hence 

VcoB0.t = 2a. 

From the two equations we see that 

sin2^ = ^, 
a result which proves the proposition. 

15. A particle is attracted towards one centre of force and 
repelled from another, both forces varying as the distance: 
prove that, if the absolute intensities of the forces are equal, 
the path of the particle is a parabola. 

Let P be the particle, A and B the centres of force: then 
the two forces acting on P are represented by -4P, PB: the 
resultant of these two forces is represented by AB. Hence 
the resultant force is constant in magnitude and invariable 
in direction. Hence, if the particle be projected at any incli- 
nation to AB, it will describe a parabola. 

16. When a body arrives at a point P of an elliptic orbit, 
which it is describing about one focus 8^ the centre of force is 
suddenly transferred to the other focus H: supposing the orbit 
to remain the same as before, prove that, fi denoting the 
absolute force in the former, and fi in the latter case, 

fiifi':: 8P':HP\ 
Let V be the velocity at P. Then 

AG.v^^^t.^: 

also AG.v^ = tJi! jfp- 

Hence /^:/^':: 8P' : HP". 

AUter. The velocity at P being the same before and after 
the transference of the centre of forces and the orbit being 
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the same, the deflection must be the same for both centres of 
force: hence the normal component of the force must be the 
same in both cases: hence, ^ being the inclination of either 
focal distance to the normal, and Fj F' the two central forces 

^^ ^y . Fcos<f> = F' coB<l>^ 

F=F', 

fjb fjb 

or fi:^':: SP" i HP". 

17. A solid triangular prism, the faces of which include 
angles a, ^, 7, is placed in any position entirely within an 
inelastic gravitating fluid : if P, Q^ iZ, be the pressures on the 
three faces, which are respectively opposite to the angles a, yS, 7, 
prove that 

P coseca + Q cosecyS + R cosec7 

is invariable so long as the depth of the centre of gravity of 
the prism is unchanged. 

The centre of gravity of each face of the prism is in the 
transverse section of the prism which bisects its length. Let 
a, J, c, be the sides of this section, and a', h\ c', the depths of 
its angular points. Let I be the length of the prism* 

Let \ represent each of the equal fractions 

a b c ^ 

sina ' sinyS ' sin7 ' 

then P = ffpal. — - — 

= ^9P^ sina {b' + c'), 
P coseca = igpl^ {b' + c'). 
Similarly Q cosecyS = yplK [c -f a'), 

R cosec7 = ^gplK [a' + b'). 
Hence P coseca + Q cosec^S + R cosec7 = gptK (a' + i' + c') 

= SgptKhj 
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where h is the depth of the centre of gravity of the transverse 
section, that is, of the prism. 

Hence, if A be constant, 

P coseca + Q cosec^S + R cosec7 
is constant. 

18. A heavy sphere is placed in a vertical cylinder, filled 
with atmospheric air, which it exactly fits. Find the density 
of the air in the cylinder when the sphere is in a position of 
permanent rest. 

Let n' be the pressure of the air at any point of the lower 
hemisphere, 11 be the pressure of the air at any point of the 
upper hemisphere, W the weight of the sphere, and a its 
radius. 

Then, since the pressure is uniform over each hemisphere, 
the resultant vertical pressure upward is equal to 11' x area of 
projection of the hemisphere on the horizontal plane 

and the resultant vertical pressure downwards = IlTra*. 
Hence, since there is equilibrium, 

Tr=7ra"(n'-n); 

but, if p, p\ be the densities of the internal and external air 

therefore W^ Uira^ (~ "* ^) » 

whence p is known. 

K 8 be the density of the sphere, a the density of mercury, 
and A the height of the barometer for the pressure 11, 

we have - irigcf = gahirc? ( ~ — 1 J , 

p 4 S a 

and therefore — = 1 + « • ■" • T • 

p Z a h 
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19. A solid formed of two co-axial right cones, of the same 
vertical angle, connected at their vertices, is placed with one 
end in contact with the horizontal base of a vessel; water is 
then poured into the vessel: shew that, if the altitude of the 
upper cone be treble that of the lower, and the common density 
of the spindle four-sevenths that of the water, it will be upon 
the point of rising when the water reaches to the level of its 
upper end. 

Let A, 3A, be the altitudes of the lower and upper cones, 
a, 3a, the radii of their bases, p, <r, the densities of the fluid 
and spindle, P, P', the downward and upward pressures of the 
fluid upon the spindle. 

Since P is the vertical pressure of the fluid upon the lower 
cone 

and, since F must be equal to the weight of the fluid displaced 
by the upper cone, 

also, if TFbe the weight of the spindle, 

Tr=7ryo-(9a"A + 4a'A). 
Since the spindle is on the point of rising, 

P' = PjfW] 
hence 9p = y p + V^? 

16p = 28(r, 
and a- = f p. 

20. A fish Is floating in a cubical glass tank filled with 
water, with its head in one corner and its tail towards the one 
diagonally opposite ; describe the appearance which will be 
presented to an eye looking towards the comer In the direction 
of the length of the fish, and in the same horizontal plane 
with It. 

Since the distance of the Image of a point In the diagonal 
from either face of the cube is to the distance of the point in 
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the ratio of 1 to fi^ where fi is the index of refraction from 
air into water, the effect of the glass on the position of the 
image not being taken into account, the image of the diagonal 

will be inclined to the face at an angle tan~^ - or 29''. 18', 

taking the value of //. to be 1*335. 

Hence each side of the fish will appear inclined at an angle 
29°. 18' to the adjacent face of the tank, and the appearance 
will be presented of two fishes joined at the head, and inclined 
to each other at an angle 31°. 24'. 

21. Two rays emanate from a point in the circumference 
of a reflecting circle, in the plane of the circle : supposing that 
their rb^ points of incidence are coincident, prove that the angle 
between their original directions is any one of a series of n — 1 
angles in arithmetical progression. 

First suppose the two rays to emanate on opposite sides of 
the diameter through their starting point. 

Let ^, ^, be the angles which their original directions make 
with this diameter. Then, \ being a positive integer, we must 
have 

n (tt - 2^) + w (tt - 2^) = \ . 27r, 

6+6 = TT. 

n 
Thus + <l) may have any one of the values 

n — 1 n — 2 w — 3 ir 

TT, TT, TT, — . 

If the original directions are on the same side of the diameter, 

w (tt - 2^) - w (tt - 2^) = \.27r, 

whence <f) — 5 = - tt, 

n ' 

and therefore <f> — may have any one of the values 

TT 27r 37r w — 1 



n ' n ' n ' n 

the same series of values reversed. 



TT, 
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22. A luminous globe falls from a point above the Earth's 
surface in a dark night: shew that it will look like a bright 
falling column, elongating as it descends. 

If Cj, Cjj, Cg, be the lengths of the apparent column at the 
ends of times t^^ t^^ t^^ from the commencement of the fall, prove 
that, gravity being considered constant, and the resistance of 
the air being neglected, 

Let T represent the duration of the impression of light on 
the eye. Then, if 5 be the space described by the globe at 
any epoch of the motion in the time r, the globe will, at the 
end of the time r, look like a luminous column of length s. 
Since 8 increases as the time of the fall increases, the apparent 
column will continually elongate. 

Again, since the velocity acquired by the globe in the time 
t^ — TiB g {t^ - t), we have 

whence -^ = «, — At : 

simaarly ^ = «,-i'-, 

gr ' ^ 
Hence «, (c, - cj + «, (c, - c.) + <, (c. - cj = 0. 



( 17 ) 



Tuesday, Jan. 20. 9 to 12. 



1. Eliminate a?, y, «, between the equations 

y z z X ^ X y 

^ + - = a, -+- = J, - + ^ = c. 

2? y ' a; « ^ y X 

Squaring and adding the equations, we have 

'2/ 5! 5! Or Or "2/ 

^ + -« + ^ + -2+^ + ^ + 6 = a" + i' + c'. 
a y X z 'if X 

Multiplying them together, 

t/* ^ ^ 0^ Q^ V^ 

J+? + ^ + ^ + F + & + ' = ^''- 

Hence, subtracting the latter of these equations from the former, 
a* + i' + c*-a&c = 4. 

2. From a bag containing a counters, some of which are 
marked with numbers, h counters are to be drawn; and the 
drawer is to receive a number of shillings equal to the sum 
of the numbers on the counters which he draws; if the sum 
of the numbers on all the counters be n^ what will be the value 
of his chance ? 

Let the value of any counter, as indicated by the number 
marked upon it, be denoted by G^ ; then the whole number of 
combinations of h counters In which this counter occurs will be 

(a~l) {a-h + l) 

1.2 (J-1) ^ 
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therefore its value in all the drawings will be 

(^-1) ja-b-^l) 

1.2 (J-1) ^'' 

Hence the value of all the possible drawings will be 

(a-1) (a-i+l)^.^, («-l) (a-J + 1) ,.,,. 

^ 1.2 (5-1) ^ (^-) ^"^ 1.2 .(5-1) ^ ^^^°g«? 

and the number of such possible drawings will be 

a{a- 1) {a-b + 1) 

1.2 b ' 

, ^, 1 /. xi i_ value of all possible drawings 

hence the value of the chance = r ^ 

number 

= - w shillings. 

3. is the middle point of a given straight line AA\ 
(fig. 9) : BOB' is a straight line perpendicular to AA' : 
P, P', are two points in the plane of AA\ BB' : perpendiculars 
from F' upon -4P, -4'P, cut AA'j in (7, C", respectively: if 
OCj OC'j be equal to each other and of given magnitude, 
prove that the distances of P, P, from BB' are in a constant 
ratio. 

Let OA^ OB^ be taken as axes of cc, y, respectively: let 
0-4 = a, 00 =c. Then, a?, y, being the coordinates of P, the 
equations to the perpendiculars through F' are 

I/y'= {a-x){x'-c)^ 

and yy' = — (a + a?) (a?' + c) : 

at the intersection P of these two perpendiculars, 

[a — x) {x' — c) = — (a + a?) (aj' + c), 

and therefore 2aa7' = — 2cir, 

or a?' : 03 : : — c : a, 

a result which proves the proposition. 
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4. The foci of a given ellipse ^ lie in an ellipse B^ the 
extremities of a diameter of A being the foci of B: prove that 
the eccentricity of B varies as the diameter of A. 

Let PCP^ (fig. 10), be a diameter of the ellipse (-4), AA' 
being its axis major, and 8 either of its foci. 
By a known property of the ellipse, 

8P+8F = AA' (1). 

Since P, P', are the foci of the ellipse (P), the relation (1) 
shews that the major axis of (P), which passes through 8^ is 
equal to AA'j the major axis of {A). Hence the eccentricity 
of P is equal to the ratio of PF to AA'^ and therefore varies 
as PP. 

5. C is the centre of an ellipse, (fig. 11), t? the foot of a 
normal at any point P, and the corresponding centre of cur- 
vature : find the distance of P from the axis minor, in order 
that the area of COG may be the greatest possible. 

K aj, y, be the coordinates of P, then, as may be seen in 
elementary treatises on the Differential Calculus, the distance 
of from the major axis is equal to 









hence the area of COG is eqnal to 






1 aV . , 

2 b* 2^-'^» 




and therefore 


varies as xy^. 




Put 


x = a cos ^ , y = 6 SIB 
2 


■1 


then the area 


GOG varies as 

cos|.sm»| 

Qc sln^.(l — cos^) 
QC sin^ — ^sin2</>. 





C2 
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Hence, when the area is a maximum, 

cos<^ — cos2</) = 0, 
and therefore </> = ± f tt : 

hence a; = a cos ^ = ^a ; 

that is, P's distance from the minor axis is equal to a quarter 
of the major axis. 

6. The comers of a leaf of a book are turned down so as 
to meet and to make the length of one crease always n times 
that of the other ; shew that each comer will describe a portion 
of the curve 

a^ {/ + (c - xYY = n" (c - xf (a? + /)', 

the outer edge of the leaf, the length of which is c, being taken 
as the axis of a;, and the lower edge as the axis of y. 

Let AB be the outer edge of the leaf, (fig. 12), CO, C'D\ 
any pair of creases, and P the point of meeting of the comers : 

let AC=:a, BC'=^a\ AM=^x^ 

AD = b, BD'^V, MP=y. 

From the triangle FGMj 



and therefore 

Also, since PJD = ABj 



2x 



and therefore b = ^ ^ . 

Similarly „=L^^-l_iL, j'=^_J__iL 
And since, by the question, 
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we shall have, substituting, 

and therefore o^ \f + (c - xfY = n^[c'- xf {a? + y*)', 
the required locus. 

If, A heavy ring is suspended from a point by any number 
of equal strings attached to it symmetrically ; and another ring 
of the same weight but of smaller radius is in equilibrium when 
resting on the strings at their middle points ; if iZ, r, be the 
radii of the rings and 2l the length of each string, shew that 

Let the strings be n in number, and let the tension of each 
string be T, the inclinations to the vertical of its upper and 
lower portions 6 and ^, and W the weight of each ring. 

Then, for the equilibrium of the lower ring, resolving the 
forces vertically, we have 

«Tcos^-Tr=05 

and, for the equilibrium of the system, 

wTcos5-2Tr=0. 

Hence cos5 = 2 cos</) , (1). 

Also, from the geometry, we have 

r = Z sin 5, i? — r = Z sin^ ; 

whence, substituting in (1) and squaring. 



-?-{'-^}- 



and therefore 

45'-85r + 3r'-3P = 0. 

8. A thread without weight carrying a heavy bead has its 
extremities fastened to two points in the same vertical line; 
if the bead and thread be made to revolve uniformly about 
this line with an angular velocity o; shew that, when the 
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bead is in equilibrium relatively to the thread, its distance 
below the horizontal plane midway between the points of 
attachment of the thread will be 



V--C? 



2l bemg the length of the thread, and 2a the distance between 
the points of attachment. 

Let 8j j5, (fig. 13), be the points of attachment of the thready 
G the point midway between them, and P the position of the 
bead, the plane of the paper being the plane in which 8y jBT, P^ 
lie at any instant. 

The bead is held in equilibrium by its weight, the tensdons 
of the string, and the centrifugal force. 

Since the length of the string is invariable, P is a point in 
the ellipse of which the centre is G and the foci ;8^ and ^; and 
the normal PG is the direction of the resultant of the tensions 
of the portions fi!P, SP, of the string. Let e be the eccen- 
tricity of this ellipse, x the abscissa of P. Hence the triangle 
PGM has its sides parallel to the directions of the equilibrating 
forces, and therefore, if m be the mass of the bead, 

GM _ mff 
PM^mc/PM' 

and GM== ^ : 

hence x = e^x+-^. 

CD 

and therefore a; = ^ 






9. A flexible chain, the ends of which are united, hangs 
over two pegs, in a horizontal line, in the form of two festoons ; 
if P, P, be the tensions at the vertices of the festoons, and a, a'. 
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the inclinations of the festoons to the horizon at either peg, 
prove that the weight of half the chain is equal to' 

Ptana + P'tana'. 

Prove also that the weight of a piece of the chain, equal in 
length to the distance between the vertices of the festoons, is 
toP'^P. 



Let A (fig. 14) be either peg, (7, G\ the vertices of the 
two festoons : let T be the tension of the chain at -4, W the 
weight of the whole chain. 

Then, for the equilibrium of -4(7, we have, resolving hori- 
zontally, rcosa = P. 

Similarly, for the equilibrium of AC\ 
rcosa' = P. 

Again, resolving vertically for the equilibrium of the whole 

chain, we have 

Tr=2!rsina + 2rsina'. 

From the above three equations, we see that 

Jpr=Ptana + Ptana'. 

Again, by a property of the catenary, m being the mass of 
a unit of length of the chain, and A, A', the depths of (7, G\ 
below the horizontal line through the pegs, 

hence P- F = 7ng{h! -h) 

= the weight of a length GO' 
of the chain. 

10. A triangular lamina has a small ring at each of its 
angular points, which slides on a smooth wire occupying the 
position of the circle circumscribing the triangle; determine 
the motion of the triangle when the wire is held in any posi- 
tion, and jfind the time of a small oscillation when the wire 
is so held that the triangle is nearly in its position of stable 
equilibrium. 
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Since the wire is smooth, the directions of the mutual 
actions between it and the rings will pass through the centre, 
Oy of the circle; and the lamina wiU oscillate about an axis 
through Oy perpendicular to its plane. 

Hence, if a = the inclination of the plane of the lamina to 

the vertical, 
h = the distance of its centre of gravity, (?, from (?, 
k = its radius of gyration about an axis through G^ 
Q = the inclination oi OQ io its lowest position 84; 

the time ty 

the equation of motion will be 

d'O ah . ^ 

d0^ 2qh 

mtegratmg, ^ = -l^ tj^ ^^^ (cos5 — cosp), 

i£ d = 13 initially, which determines its angular velocity in any 
position. 

K the triangle be held nearly in its position of stable equi- 
Ubrium, is small, and the equation of motion becomes 

and the time of a small oscillation = tt f — 7 — seca) . 

11. Shew, by aid of the formulae 

2 cot2a; = cota; — tana;, 2 cosec2a; = cota; + tana;, 
that if tana? = a^x + a^x* + a^ + , 

then cota; = l-^^a;-2Aj^-2^^'-' ^ 

, 1 2 - 1 a, 2^* - 1 a, 3 2* - 1 a^ . 

and cosecaj = — — = x-h —1 1 a? 4- -= -I ar +. . . 

aj2*-l 22* -12' 2®— 12* 

Since ajcota; = l, when a? = 0, and cota; = — cot(— a?), 
we may assume 

cota; = - + ^,aj + ^ga;' + +A^^^ar'^ + ; 
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and therefore, changing x into 2a?, 

cot2aj = ^ + A^a; -f A^i'x' + + A^^,2^^'ar^' +..... .j 

but 2 cot 2a? = cot a? — tan a?, 

and therefore, substituting, 

^ + 2^> + 2^3.2V+ + 2^^,2«^^ar^^ + ...... 



= ^ + (A-«x)^+(A-«a)^'+ + (^^i-«,nJ^'^+' 



a? 



Equating the coefficients of a^^ in these two identical series, 
we get 



*8ft+l "'2«+l J 



whence ^^, = - ^^ * 

And giving to n the values 0, 1, 2, 3, successively, we have 

a? 2*-l 2*-l 
Also, 2 cosec2a? = tana? + cota? 

1 2»-2 2*-2 , 

" ^ ■*■ 2^^ "•'" ■*" ¥^ "'^ "^ '' 



1 2—1 2^ — 1 

therefore cosec2a? = r- + rs — r ajx + -i — - asj^ +. • - 
2a? 2 - 1 * 2^1* 

and changing 2a? into a?, 

1 2-1 a? 2'-l a?' 
coseca? = - + 223i«i2"^?^'^«2"« + 



12. Circles are described upon the radii vectores of the 
loop of a lemniscate as diameters, passing through the pole; 
find the locus of their ultimate intersections, and shew that its 
area is double that of the loop. 
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Taking, as the equation of the lemniscate, 
y« = a"" cos 25, 
the equation of one of the circles described as required, will be 
p = a cos(^- 0) cos*2e (1), 

p and (f> being the current coordinates. 

Hence, in the consecutive circle, we must have, differen- 
tiating with respect to 0, 

= 8m(^-0) cos*20 - co8(^-0).^, 

therefore tan 20 = tan(^ — 5), 

and the equation of the required locus is, substituting in (1) 
and squaring, 

O 

Also the area required = J p^d(l> 

4 

=«.|^os^l(l-sb«^)# 

= a' 

= double the area of the loop. 

13. A semicircular tube of very small bore containing an 
elastic string fastened to one of its extremities is revolving with 
a uniform angular velocity a> about a vertical axis through 
that extremity perpendicular to its plane, and the string in its 
stretched state subtends an angle a at the centre of the circle 
the radius of which is a; shew that, if the modulus of elas- 
ticity be the weight of a length I of the unstretched string, 

and Ig = 4,aWco&^ - , the unstretched length of the string will be 

. «! . TT+a 

2a cos - log tan — j — . 
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Suppose the string, which in its stretched state extends 
over the arc Ap (fig. 15), to have extended in its unstretched 
state over AF\ and let 

lAOP^O^ POQ==S0j T = tension at jp, 

LAOp = <^, pOq = s<^, T+ sr= 2, 

PQ being an element of the string, which is stretched mio pq. 

Also, let m be the mass of a unit of length of the unstretched 
string and vr the modulus of elasticity. 

For the equilibrium of the element pq^ we have, resolving 
the forces, which act upon it, parallel to the tangent at p^ 

(r+ ST) cosS^ - r + raahO cos| . ©'. 2a sin f = ; 
hence, proceeding to the limit, 

jrp 

-^ +waWsin^ = (1). 

But, since the elementary arc ah0 is stretched into ah<f> by 

the tension T. 

B<f>'-B0 _T 

and, in the limit, 

de ^ w 

„ d'6 1 dT 



sin<^, &om (1); 



Multiplying by 2 -^ and integrating, 

J,=(7+— — cos^. 
When<^ = a, r=0, and^=l: 
hence -^ = 1 + (cos (p — cosa) . 
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But 



= 4maVcos* 



2 



and therefore 



Hence 






cos 



,.^ 



d0 a 

j7 = cos - . 

d6 2 



COB- 
4 



1 ^ 

Jcos- 



sec'^ 
4 



see 



.il 



l + tan^ 1-tan^ 
4 4, 



1+tan^ 

tt 4 

and, integrating, ^ = O + 2 cos - log , . 

1-tan? 

4 

When 5 = 0, <^ = 0, and therefore (7=0; and, when ^ = a, the 
corresponding value of a0 will be the unstretched length of 
the string ; and therefore 

the unstretched length = 2a cos - log tan — j — . 



14. Two spheres, the molecules of which attract according 
to the law of the inverse square, were originally in contact; 
if TF", W\ W"j be the labouring forces which have been ex- 
pended in pushing them asunder in the line of their centres, 
when the distances between their centres are respectively 
a, a', a"] prove that 

\a a J \a a J \a aj 

Let a?, x\ be simultaneous distances of the centres of the 
spheres from their original point of contact : then, wi, m\ being 
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the masses of the spheres, the corresponding labouring force 
is equal to 

= mm I ; ; ] J 

where c is a constant. 

Hence W = mm' { ) , 

\c aj^ 

and therefore 

\a a J \a aj \a aj 

15. Normals to an ellipsoid through a curve traced on Its 
surface intersect a principal plane in a circle of given radius ; 
prove that the projection of the curve on the plane encloses 
an invariable area. 

Let a?, y, «, be the coordinates of any point of the curve. 
The equations to the normal are 

When z' — 0, we have 

^ — ^'"^ y — j5-y. 

Let r be the radius of a circle in the plane of ajy, through 
which the normal passes, and A, k^ the coordinates of its centre. 

Then for the equation to the projection of the curve on 
the plane of a?y, we have 
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which represents an ellipse the area of which is equal to 



irai 



(a«-c«)(6«-c«) 



16. A curve is traced upon a terrestrial globe, of such a 
form that the longitude of any point is equal to its north polar 
distance; prove that the whole length of the curve between 
the north and south pole is equal to the meridian distance 
between the north and south poles of an oblate spheroid, the 

eccentricity of which is -r- and axis equal to the diameter of 
the globe. 

Let a be the radius of the globe, and the longitude of aoy 
point of the curve which is traced upon it: then the whole 
length of the curve between the north and south pole is equal to 



{a'dff' + a'f^m'0.de')i 



f 

•'0 
•'0 

Again, the meridian distance between the north and south poles 
of the spheroid, a', 6', being the semi-axes of the meridian, and 
(j) the eccentric angle of any point, is equal to 

f[{d{a' cos(l>)Y-\-{d{b' sin<^)n* 

•'0 
•'0 

The two distances are therefore equal if 2b' = 2a, and « = 75 • 
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17. A closed vessel in the form of a right cone is placed 
with its base on a horizontal plane: supposing it to be filled 
with fluid through a small orifice at its vertex, prove that the 
horizontal tension of the vessel at any point varies as the area 
of the circular section through the point. 

The ordinary formula connecting the pressure and tensions 
at any point of a vessel filled with fluid is 

t i 

where r, r\ are the principal radii of curvature at the point. 

In the present instance, one of the radii of curvature is in- 
finite: hence, putting r'=QO, 

t 

•^ r 

Now^ varies as the depth of the point below the vertex and 
therefore as the radius of the circular section. Also, by Meu- 
nier's theorem, the radius of the circular section is equal to 
r cosa, where a is the semi-angle of the cone; and therefore 
r varies as the radius of the circular section. Hence pr^ which 
is equal to ^, varies as the square of the radius, or as the area 
of the circular section. 

18. A luminous point is placed at one of the foci of a semi- 
elliptic arc bounded by the axis major; prove that the whole 
illumination of the arc varies inversely as the latus rectum. 

Let the equation to the ellipse be referred to the focus as 
pole, the prime radius vector coinciding with the major axis. 
Then the illumination of an arc ds is equal to 

-^ , ds , cosine of angle of incidence 

X , rd0 

= ^dd, 
r ' 



32 SENATE-HOUSE PROBLEMS AND RIDERS. [Jan. 20, 

and, c denoting the semi-latus-rectum, the illumination of the 
whole arc is equal to 

C Jo 

\ 

C ' 

and therefore varies inversely as the latus rectum. 

19. A homogeneous globe is placed upon a perfectly rough 
table, very near to a centre of force in the surface of the 
table, the law of attraction being that of the inverse square ; 
prove that the square of the time of an oscillation varies as 
the volume of the sphere. 

Let a represent the radius of the globe, m its mass ; let r 
be the distance of its centre, and x of its point of contact with 
the table from the centre of force, at any time ^; and let o) 
denote its angular velocity. Then, fi being a constant quan- 
tity, 



m I 



= + 

r 

but, the rolling being perfect, 

dx' 



2m/j, ^ 






, 7 da? 2a 

hence -■ -5-5 = constant + -^ 

af r 

2a 
= const. + 



{a' + a?)^ 



= const. - ^—^ nearly ; 



and therefore -^ -i- J-*^~^> 



de ^ 7a' 
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which shews that t^ the time of oscillatioD, is equal to 



w 



or that f varies as a^ and therefore as the volume of the globe. 

20. An inelastic ball, of given radius, is dropped from the 
window of a carriage, travelling uniformly along a level road, 
upon the wheel, which it hits at the highest point: determine 
the subsequent motion of the ball relatively to the carriage, 
the rim of the wheel being perfectly rough. 

Since the ball, at the instant of being dropped, has the 
same horizontal velocity as the carriage, the motion of the 
ball, relatively to the carriage, will be the same as if it were 
dropped upon the wheel revolving uniformly about the axle 
at rest. 

Let CD be the angular velocity of the wheel so revolving, 
a, J, the radii of the wheel and ball, u\ a>\ the relative hori- 
zontal and angular velocities of the ball immediately after the 
impact, I the impulsive friction, M the mass •&{ the ball and 
le its radius of gyration about a diameter. 

Then «' = -^, 

the angular velocity of the ball being estimated in the same 
direction as that of the wheel. 

And, since the point of contact is instantaneously at rest, 
relatively to the wheel, 

u — Jtt)' = aft) = w, if M be the velocity of the carriage, 
therefore, substituting, 

b b u 



M = — - 



6^ + yfe^ lb 
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The ball will leave the wheel immediately after the impact, 
if the curvature of the parabola, which it would proceed to 
describe if free, be not greater than the curvature of a circle of 
radius a + J ; and, since the radius of curvature of the parabola 
at its vertex is equal to 

i lat. rect. 

__ (horizontal ve locity)' 

"49 ^^ 
the ball will leave the wheel if 

--- — be not less than a + h. 
Ad ff ' 

or if u be not less than i{g{a-^b)}^. 

If the velocity of the carriage be less than i{ff{ct + h)}^^ the 
ball will proceed to roll upon the wheel. 

At the time t after the impact, let F be the rolling friction, 
(f) the angle through which the ball has rotated, P', fig. (16), 
the point in contact with the wheel, GAQ the angle through 
which the wheel has turned, P'A Q = 6. 

The equations of motion of the ball, relatively to the carriage, 
are 

d'<l> _ Fb 
df " M¥' 

and, since there is perfect rolling, 

d.(a-\-h),0 j^dd) , u 

— ^^ — 7 — 6 -,- = ao), where o) = - . 

at at a 

Hence, differentiating and substituting, we have 
F I 



M b' + Ic' 



.gsinOj 



and, therefore, {a + b) -^ = ,2 , ^ ff sin 0. 
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Multiplying hj 2-j and integrating, 



at the comm 
therefore 



Now, at the commencement of motion, 5 = 0, -^ = ®'j ^^^ 



[a ■\- 0) -J = ato -^ bw 

5 
= w — - M. 

7 

Whence (a + J)^=.^^;^ + -^(l- cos^). 

When the ball flies oflF the wheel, the centrifugal force just 
balances the resolved part of its weight along the radius; 
therefore 

(«+*)^=.ycos5, 

and the angle 6 is given by the equation, 

zi 4 w* 10 ,, ., 

flr cosa = TTT 7 + -z- a (1 — cosc'i : 

whence eos5 = - ^^^-^-^ + - , 

49 
w*, by the previous condition, being less than — g{a-\- h). 



d2 



( 36 ) 
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1. Shew that the circle, which cuts orthogonally three 
given circles lying in a plane, has its centre at the radical 
centre of these circles. 

Since the radical centre of the three circles is the inter- 
section of the three radical axes of the circles, taken two and 
two; and since the radical axis of two circles possesses the 
property that from every point of it pairs of equal tangents 
may be drawn to the circles ; therefore, from the radical centre, 
when it lies without the three circles, we may draw six equal 
tangents to the three circles. Hence the circle described with 
the radical centre as centre and with one of these tangents as 
radius will pass through the points of contact of the other five ; 
and, since its radii drawn to the points of its intersection with 
the three circles are tangents to these circles, it wLQ cut the 
circles orthogonally. 

When the radical centre lies within any of the three circles, 
no circle can be drawn cutting them orthogonally. 

^ j^ asin'g + &sin'<^ _ isin'^g + csin"^ _ c sin*5 + a sin'0 ^ 
bcos^O + c co8^^(f> ~" ccos^d +a Qjo^^<f> "" acoi?^+Tcos*0 ' 

then will a'* + 5^ + c' = %dbc. 

Let each of the ratios be equal to r : then 

_ (a + 6 + c)(sin'g + sinV) 
(a + 5 + c) (cos'^ + cos*^) 

"~ cos*^+cos'^ ' 
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Now a sln*^ 4 h sin'^ = r (J cos*^ + c cos*0), 

and therefore, a + 5 — (a + &r) cos*^ — (6 + cr) cos" = 0: 

similarly, J + c ~ ( J + cr) cos*^ — (c + ar) cos' ^ = 0, 

C'\'a— {c-\-ar) co^O — (a + Jr) cos*^ = 0. 

Eliminating cos*5 and cos*^ by cross multiplication, we have 

(a + h) {(6 '\-cr){a-\' br) - (c + arY] 

+ (J + c) {(c + ar) {b + cr) -(a + brf] 

+ (c +a) {(« + Jr) (c + ar) - (6 + cr)'} =0. 

Effecting the multiplications, the expression becomes 

r(l-r)(a* + y + c'*-3a5c)=0; 

and since r(l — r) involve and ^ only, if the equations hold 
for given particular values of and 0, so that r (1 — r) is con- 
stant, we must have 

a^4 J' + c' = 3a5c. 

Since a' + J'* + c'-3aJc = (a + J + c)(a' + J' + c*--Jc-ca-aJ) 

= i(a + i + c) {(i- c)»+ (c-a)' + (a-i)}», 

we see further that, if the quantities a, J, c, be real, this relation 
leads to 

3. A parabola slides between two rectangular axes; find 
the curve traced out by any point in its axis ; and hence shew 
that the focus and vertex will describe curves of which the 
equations are 

a^y = a»(a^ + /), a?!/'{a^ + f + 3a') = a', 

Aa being the latus rectum of the parabola. 

Let ASP (fig. 17) be the position of the axis of the parabola 
at any instant, A being its vertex and S its focus, <t> the angle 
which ASP makes with Oxy and a;, y, the coordinates of P, a 
point in the axis: let 8P=^j OS—p^ L 8Ox = 0. 

Then x=^p cos ^ + f cos 0, 

y=^p sin^ + f sin^. 
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But, since Ox^ Oy^ are tangents to the parabola at right angles 
to each other, is a point in the directrix 0M\ and, since the 
tangent makes equal angles with 08 and OM^ we have 

l 80M= 25, <f> + = ^TT, and 2a = p sin2e. 

Hence aj= -v— t^ + f sin^ (I),. 

sin^ * ^ ^^ 

^=^6 + ^"^'^ (^)- 

Multiplying (1), (2), by sin 5, cos^, respectively, squaring and 
subtracting, we have 

a? sin*e - f cos^e = 2af (sin*^ - cos*^) + f (sin*^ - cos*^ 

= (2af + f)(sin^e-cos'*e), 

V* — 2af — f * 
therefore sin*5 = ^ g — TnTT-^-n^ • 

And since, from (1), 

aj*sin*5=(a+f sin«^^ 

we have for the required locus, substituting for sin^d its value, 

, f^2a^-^ _ ( y"-2af~-f V 

^•^«+y«_2(2af + r)"- r"*"^-a:- + 2^-2(2a|+f)P 
or 

cr'(/^2«?-r){a^+/-4af-2r)={«a^+(«+l)3^-f(f+2an«. 
For the focos^ 1 = 0, and therefore 

or Q^f = a^[a?-\-f). 

For the vertex, f = — a, and therefore 

or a?f (a^ + / + Sa'*) = a^ 

4. Shew that, if in the equation 

as? + J/ + 2cxy -/= 0, 

the parameter / alone vary, the focus of the conic represented 
will lie in either of two straight lines ; if, either a or J vary. 
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the other coefficients remaining constant, the focus will lie in 
a rectangular hyperbola; and, if c alone vary, the focus will 
lie in the curve 

Defining the focus as a point, such that the lines joining it 
to the two imaginary points on a circle at infinity shall both 
touch the curve, (Vide Salmon's Higher Plane Curves^ p. 119), 
we have to determine p so that the line 

may touch the conic 

o^ + 5y* + 2ca?y =/. 

Eliminating x between these equations, we get 

which must have equal roots in y\ therefore 

{6 - o - 2c V(- 1)} («/ -/) =/ {c-a V(- 1)}', 

, , . g - 5 + 2c V(- 1) 
and p=f. ,._^^ • 

Therefore, since x and y, the coordinates of the focus, are 
connected by the equation 

we have "^'^=^'7^ (^)' 

^=>'-?^ (2)' 

for the determination of those coordinates. 

If the parameter / alone vary, we have, eliminating / be- 
tween (1) and (2), as the locus of the focus, 

which is the equation of two straight lines. 
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fc 
Also, since, from (2), ai « c' — ^d:- , 

•^ 

we have, from (1), a^ — y* = — (a' - ab), 

CLC 

Hence, eliminating J, if the parameter h vary, the locus of the 
focus is 

^ ac \ xy) ^ 

and therefore ac [oi? — y*) + [& - a*) i»y -/? = 0, 

which is the equation of a rectangular hyperbola. 

Similarly, if the parameter a vary, the locus of the focus is 

Again, since, from (1), <? = <zb +/. ^^ , y 

we have, eliminating c from (2), when c alone varies, 

as the locus of the focus. 

5. A right vertical cylinder with circular ends carries a 
hand upon its upper face, equal in length to a radius of the 
end, and moveable about an axis coincident with the axis of 
the cylinder: the extremity of the hand is attached by a fine 
elastic thread to a point in the circumference of the lower end 
of the cylinder ; and, when the thread is vertical, it is stretched 
to its natural length : if the hand be made to revolve through 
any angle a, and then let go, find its angular velocity in any 
subsequent position; and shew that, if the angle of displace- 
ment, a, be very small, the time of an oscillation will be 

d0 
where n is constant. 



r« dO 
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Let OP, (fig. 18) be the position of the hand at the time f, 
AB the initial position of the string, AB=^ Z, 0P= a, /.BOP— 6. 
Now, if the cylinder be unwrapped, AP will be a straight line, 
and ABP a triangle, right-angled at B. Hence the length of 
the string at the time t is equal to 

and therefore, if T be the tension of the string at the time ty 
and w its modulus of elasticity. 

Hence, if M1^ be the moment of inertia of the hand about 
the axis, the equation of motion will be 

M^^^-Taco^BPA 
dv 

Multiplying by 2 -r- , and integrating 
When the motion commences, let 5 = a; then 

and ifA:«^=tsr^(a^-^)-2t!r{(P + aV)*~(P + a»^*}; 

which gives the angular velocity of the hand in any position. 

K a be very small, 6 will be very small ; hence, expanding 
and neglecting powers of a and Q above the fourth, we have, 
approximately. 
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and therefore the time of a small oscillation is equal to 

de 



r» di 



^)*' 



6. A narrow smooth semicircular tube is fixed in a vertical 
plane with its vertex upwards; and a heavy flexible string, 
passing through it, hangs at rest ; shew that, if the string be 
cut at one of the ends of the tube, the velocity, which the 
longer portion of the string will have attained when it is just 
leaving the tube, will be 



(a<7)4|27r-|K-4)|*; 



I being the length of the longer portion, and a the radius of 
the tube. 

Let (7, Dj (fig. 19) be the ends of the tube, AFB the position 
of the strmg at the time «; let jLCOA = e^ lG0P=4>^ Q a 
point in the pendent portion of the string, DQ = ^. Then, by 
D'Alembert's principle, we have, m being the mass of a unit 
of length of the string. 

But, since the string is always stretched, we have 

d^ d6 d0 
dt dt dt ' 

also the limits of <f> are ir and 5, and those of f are ? — a (tt — 0) 
and 0. Hence the equation of motion becomes 

al -7T = ^(^ — «^+ «^) —<^ \ co&<f>d<t> 

dt J ^ 

= g {I — air -\- a0) + Off 9m 0. 
Integrating, we have 

al ^ = 0+23(1-0^)0 + agff' - 2ag cosft 
at 
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When 5 = 0, -^ = ; and, when 5 = tt, a -^ is the required 
velocity; hence, if t? be that velocity, 

-v'' = C-\-2g {I- air) TT + agii^ + 2agy 
and therefore v = [ag)^ j 27r — ^ (ti^ — 4) I . 

Aliter, We may use the principle of vis-viva to obtain the 
value of V. 

Let y be the height of the centre of gravity of the string 
above CD at the commencement of the motion, y' the value 
of y when the string has attained the velocity v : then 

ml'd^ = 2mlg (y — y') . 

2a 
But mty = ma7r. m(Z — a7r).^(?— a7r), 

TT 

and mly' ^ — ml, \l. 

Hence Iv"" = g [4ta^ - {l- airf + V] ; 

and therefore t? = [ag]^ -^ 27r — -^ (tt* — 4) I . 

7. K a, 6, c, a', J', c', be the cosines of the inclinations of 
the faces of a tetrahedron, a and a\ h and l\ c and c , belonging 
respectively to the edges which do not meet ; shew that 

l+aV" + JV + cV'' = a« + J'' + c»+a"» + J'» + c'« 

+ 2a!bc + 2b' ca + 2c' ab + 2a J V 

4- 2Jc JV + 2cac'a' + 2a5a'y. 

Let jF^, i^2, jPg, -F^, be the areas of the four faces of the 
tetrahedron; then, projecting each set of three faces upon the 
fourth successively, we obtain the equations, 

F,^ aF,+ bF^+ cF,, 

F^ = b'F, + a'F^+cF^, 

F,^c'F,-^a'F^+bF,, 

F^ = c'F^+b'F^ + aF^. 
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Putting F^ = xF^^ F^^yF^^ F^^zF^^ and arrangiDg, we have 

<Kc+ by + c« = 1 (1), 

b'x + ay-- z = — c -'(2)j 

c'x— y +a'z = --b (3), 

x — c'y — b'z= a (4). 

Hence, substituting for z its value from (2), we obtain 
c^-H- {a + S')x+ (i + ca')y = 0, 
b + ca-\-{c' + a'b')x'\- (a*- 1)^ = 0, 
a4-c*'+ (J'»-l)a?+(c' + a'y)y = 0. 

Eliminating a?, y, from these equations by cross multiplication, 
we get 

+ (J + ca') {(J'» - 1) (& + ca') - (c' + a'V) {a + c5')} 
4- (a + c5') {(a + c*') (a'" - 1) ~ (6 + ca') (c' + a'b')} = 0, 
or (c* - 1) (c' + a'67 + (J'« - 1) (J + ca')* + (a* -!)(« + c*')» 

= (c«-l)(a'^~l)(y«~l)+2(a+c*')(J + ca')(c' + a'y)j 
whence, effecting the multiplication, we obtain 

l + aV» + J"y» + cV^ = a* + J' + c« + a'* + J'«4-c'" 

+ 2abc + 2 J'ca + 2c ab + 2a'JV 
+ 2bcb'c' + 2caca' 4- 2aba'V. 

8. Shew that the determination of the circular sections of the 
cone 

a b c ^ 
- + - + - = 0, 
X y z ' 

may be made to depend upon the solution of the cubic equation 

aJcyi^»-(a' + J' + c*)yi^' + 4 = 0; 

and that the circular sections of the cone 

(b c\ (c d\ fa b\ 

are parallel to the planes 

, X V z 

(Kfc + iy + c« = 0, - + f H- - = 0. 

•^ ^ a h c 
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Let the equation of the sphere on which the circular sections 
lie be 

a^+y*4-«' + aa;-f i8y + 7« + S = (1). 

The equation of the cone, when combined with that of the 
sphere, must become the equation of two planes ; and therefore, 
if Z, i», n ; f , W, ri ; be proportional to the directlon-coslnes of 
these planes, we must have, conversely 

(te+wy-f WJ2f+c?) (?aj+Wy-h«'«+(?')— At(ay«+J;2?a;-|-ca:;y) = 0...(2), 

as the equation of the sphere. Hence, comparing It with 
equation (1), we get 

Zr = ww' = ww' = 1, 

mri + vrin = /lws, nX + nl = /tt J, hn + Im = /ttc. 

Substituting for f, m', w', the last three equations become 

If we subtract the sum of the squares of these three equa- 
tions from their product, as In page 17, we shall eliminate Z, w, w, 
and obtain the equation 

abcfJ'- (a*4-i*4-c*) yi^'-f 4 = 0, 
for the determination of /Lt. 

We have also, from the equations (3) and (4), 

and therefore, since 



- = \ {M± V(M*i'- 4)}, ^ = \ W± V(/»V-4)} ; 



V n ni n 

the circular sections will be parallel to the planes 

i{^-|-V(/*''i'-4)}a; + H/*« + V(A*-4)}y + « = 0...(6), 
i{^- V(/*V-4)}a! + i {/*a- V(/*V-4)}y + « = ... (7). 

If the equations of the cone be 
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the equations (3), (4), (5), become 

m n (h c\ n I fc a\ I m fa h\ 

n m \e hj ^ I n \a c) ^ m I "^ \h a) 

whence ytt = 1 and Z, tw, n, are proportional to a, J, c, and there- 
fore ?, 7w', w', to - , T 7 - 7 and the planes (6), (7), take the forms 
a c 

oaj + Jv + C2; = 0, - 4 ^ + - = 0. 

•^ ' a 6 c 

9. Shew that, if 

a = 0, /3 = 0, 7 = 0, 

be the equations of three planes which form a trihedral angle, 
the equation of a cone of the second order, which has its vertex 
at the angular point and touches two of the planes at their 
intersections with the third, is 

7* - X;a/3 = ; 

and that the equation of a surface of the second order enveloped 
by the cone is 

8 = being the equation of the plane of contact, and /i being 
constant. 

Shew that if the enveloping cone of a series of ellipsoids 
be the asymptotic cone of a series of hyperboloids of two sheets, 
the curves of intersection of any ellipsoid with the series of 
hyperboloids will lie in planes parallel to the plane of contact 
of the cone and ellipsoid. 

Since the equation 

7'-A:a/3 = (1), 

involves the variables to the second order, and results from the 
elimination of the arbitrary parameter I between the equations 

<y-Za = 0, 7--^ = 0; 

and since these equations represent a straight line passing 
through the angular point (i^^\ we see that (1) is the locus of 
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a straight line passing through the angular point, and therefore 
is the equation of a cone of the second order. 

Also, if we combine the equation (1) with either of the equa- 
tions a = 0, ^ = 0j it becomes 7* = 0. Hence the planes a = 0, 
/3=0j meet the cone in two coincident lines ; therefore they touch 
the cone, and 7 = passes through their lines of contact with it. 

Again, since the equation 

S' + fi{r/-Jca^) = (2), 

Is of the second order, and since, if we combine it with the 
equation (1), it becomes S^ = 0, we see that the cone meets this 
surface in two coincident plane curves, the equations of which 
are 

and therefore, (2) is the equation of a surface of the second 
order enveloped by (1), 8 = being the equation of the plane 
of contact. 

If /i = — m^j (2) may be put imder the form 

(8 + my) [B — my) + m^ka^ = 0, 

which results from the elimination of the parameter I between 
the equations 

k 
S + my + mla = 0, 8 — my — w j /8 = 0, 

and therefore represents a ruled surface of the second order. 
If fi be positive, (2) cannot be resolved into plane factors, and 
therefore cannot have a straight line coincident with it. 

Since the plane of contact of an hyperboloid with its asymp- 
totic cone is at infinity ; and since this condition is analytically 
expressed by making the equation, which results from com- 
bining the surface with its asymptote, become 

constant = 0, 

we have for the equation of the hyperboloids of which (1) is 
the asymptotic cone, 

±c'-^fi{rf-ka^) = 0, 

where c is constant, the upper and lower signs belonging to 
the hyperboloids of two sheets and of one sheet respectively. 
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If we combine the equations 
S»4-/i(7"-A:a/8) = (3), cH /i» (V* - fcayS) = (4), 

we obtain 8^±c^.. 

which, for all values of /t and fi\ represents planes parallel to 
the plane 8 = 0; and hence any one of the surfaces represented 
by equation (3) will instersect all the surfaces represented by 
equation (4), in planes parallel to the plane 8 = 0. 

10. A rigid spherical shell is filled with homogeneous in- 
elastic fluid, every particle of which attracts every other with 
a force varying inversely as the square of the distance: shew 
that the difference between the pressures at the surface and at 
any point within the fluid varies as the area of the least section 
of the sphere through the point. 

Let r be the distance of any particle F of the fluid from 
the centre of the shell ; and through P describe a sphere con- 
centric with the shelL The fluid exterior to this E^here exerts 
no resultant attraction on P, and the resultant attraction of the 
fluid within the sphere is the* same as if it were condensed into 
the centre. Hence, if p be the pressure at P, a the radius of 
the shell, and^' the pressure at its surface, 

4 ii 
dp = — -Trr'. "5 c?r, /x being constant, 

2 
and hence p^C—- irfir^. 
o 

When r = a^ p =p' ; and therefore 

2 

2 
= - /A X area of the least section through P. 
o 

11 A uniform beam is revolving uniformly in a vertical 
plane about a horizontal axis through its middle point; and. 
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at the instant it is passing through its horizontal position^ a 
perfectly elastic ball, the mass of which is one-third that of 
the beam, is projected horizontally from a point vertically above 
the axis, so as to hit the beam at one extremity, then to re- 
bound to the other, and so on for ever, bounding and rebound- 
ing along the same path ; shew that if be the angle, on each 
side of its horizontal position, through which the beam revolves, 
6 will be given by the equation 

^tan^=l. 

Let rrij 3m j be the masses of the ball and beam, and 2a the 
length of the beam. 

Since the ball always describes the same path, the direction 
of its motion, when it impinges upon the beam, must be per- 
pendicular to the beam, and the motion of both ball and beam 
must be just reversed at each impact. 

Let Vj v\ be the velocities of the ball immediately before 
impact and at the instant compression ceases, — o), co', the an- 
gular velocities of the hea,m at the same epochs, and / the im- 
pulsive pressure during compression; we have 
/ 

la 



CO = — « + 



3mJ(? 



= -ii)H , smce A =rr^ 

and since the ball and the extremity of the beam are, at this 
instant, moving with the same velocity^ 

V* = ao)' ; 

therefore v = — awH — , 

m m^ 

and 2 — = v + am, 

m 

Hence, at the instant restitution <5eases, the velocity of the ball 

m 
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and the angular velocity of the beam 

= -o) + 2 — 
ma 



and consequently, if t; = acoj the motion of both ball and beam 
will be reversed after each impact. 

But, if 2^ be the time which elapses between any two suc- 
cessive impacts, 

a cos6 = v sinO ,t 
= aoi) smO .t 
^aO sin^, 
and therefore tan = 1. 

12. A homogeneous sphere, of elasticity e, rotating uni- 
formly about a horizontal diameter, falls upon a perfectly rough 
inclined plane through such a height A that its angular velocity 
is not affected by the first impact, and then proceeds to descend 
the plane directly by bounds ; if u^ be the velocity of the sphere 
along the plane after the n" impact, shew that 

«*n = (2^^)* sina (1+ y . ^^) , 

and that the range which the sphere describes upon the plane 
before it ceases to hop will be 

a being the inclination of the plane to the horizon. 

Since the angular velocity of the sphere is not affected by 
the first impact, if «*, «, be its vertical and angular velocities, 
at the instant when it impinges, and a its radius, we shall have 

w* = ^gh^ a(o = u sina. 
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Let jF^j be the tangential impulse on the sphere during the 
(n-hl)**" impact; v^, v^^^^ the velocities of the sphere along the 
plane immediately after the ri^ and (n + 1)**" impacts ; o)^, w^^^, 
its angular velocities at the same epochs; then, since there is 
perfect rolling, 

Now, if t^ be the time of the w*^ bound, the velocity of the 
sphere along the plane, at the instant before the w*^ impact, 
will be equal to 

w^ + ^ysina.^^ 

2e^u cos a 

= w„ + ^ sma . 

" "^ g cosa 

= w^ + 2e**wsina; 
therefore u^^^ = ^n + ^^"^ ^^^ ^ — 5^ j 

and a,^, = «,^+;^, 

JIf Ar* being the moment^of inertia of the sphere about a diameter. 
Hence, since there is perfect rolling, 

jp ja jp 



(n \ Tr 



and 


F 2 - 


Hence 


^n+i = «^« + 2e**w«in 


and 


10 n . 



io,.g„d.g, „.=o-M.^, «• 



7 l-< 

When w = 1, a^ = w sina; 

therefore W8ina = u sina 



7 1—6' 

e2 
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and u=uBuioL + -=-uBma- 

** 7 l-e 



= (2^A)»sm«(l + ^^, 



Also, if 5^ be the range described upon the plane between 
the n"" and (n + l)" impacts, 

•8. = V. + 25'S'»«C> 



. /, 10 e-e"\ 2e"w 1 . /2e"MV 
= «8m«(l + -j-^j — +-</8m«(— j 

and therefore, the whole range described, which is the sum 
of all the values of J?^, from w = l, to «=qo, will be 
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Thuesdat, Jan. 22. 9 to 12. 



1. If /?, jp', be the reciprocals of the perpendiculars from the 
centre of an ellipse upon 8P^ HD^ where 8^ JB", are the foci 
respectively nearest to P, 2), the ends of two conjugate semi- 
diameters, prove that, h being the reciprocal of the semi-axis 



mmor, 



{pp'-iy 



{p-w+{p'-ir 

is a constant quantity. 

Let, in the first place, h represent the semi-axis minor, 
and ^, ^', the perpendiculars from G upon SP, JBP, (fig. 20). 
Let a;, y, be the coordinates of P. Then, since twice the 
area of the triangle G8P is equal to either [a — ex)p or to 
aey^ we have 

Similarly, 7 y, - a;, being the magnitudes of the coordi- 

o (Z 

nates of 2), 

Obtaining - and ^ from these two equations, we see that 

a\pp' &V"i> h' 

. , y / 1 IN 1 1 

and ^ tI — ' ^ Ti] "^ ~ " T' 

b \pp If) p h 
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Squaring the last two equations, adding, and attending to 
the equation to the ellipse, we have 



1 \pp' bV 

(^ " i) + Vy ~ b) 



JV 



a result which shews that^ the symbols &, p^ p\ being now used 
to denote the reciprocals oib^p^p\ the expression 

(p-by+ip'-b)' 

is invariable. 

2. If forces P, ^, 5, acting at the centre (fig. 21) of a 
circular lamina along the radii OA^ OB^ OGj be equivalent to 
forces P^, ^, Rj acting along the sides -8(7, G4, ABj of the 
inscribed triangle, prove that 

P,P Q.Q R.E 
BG"^ GA ^~AB"^' 

Since Ae sum of the moments of P", Q^ jB*, about any 
point most be equal to the 8um of the moments of P, Q, R^ 
about the same point, we have, taking moments about A^ B, (7, 
successively, 

„ AABO p ACOA ^ A A OB 
^' BG ~ OC ^' OB ' 

^ abga p aaob p aboo 

^' GA " 0^ " OG » 

p, AGAB ^ ABOC p AGOA 
^' AB ~^' OB OA ' 

multiplying these equations by P, ^, ^, respectively, and 
adding, we have 

P.F , (g.(y ,B.E ^ 
BG ^ GA ^ AB ""• 

3. A fine thread just encloses, without tension, the circum- 
ference of an ellipse: supposing a centre of force, attracting 
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inversely as the square of the distance, to be placed at one 
of the foci, prove that the sum of the tensions of the thread 
at the ends of any focal chord is invariable, and that the normal 
pressure on the ellipse at any point varies inversely as the cube 
of the conjugate diameter. 

Let PSP (fig. 22) be any focal chord: let t be the tension 
at P; let SP=rj 8P = r^: then, ds being an indefinitely small 
arc ij?, and ^ the inclination of the tangent at P to SP^ we 
have, resolving along the tangent the forces which act on &, 

t^dtrst'\' ^.<fo*cos^, 
dt=:^dr, 

r 

Now the attraction of the central force tends to draw every 
element of the thread towards the nearer apse; hence the 
tension of the string must be zero at the nearer apse, that is, 
^ = when r.=aa(l— 6): hence 



a(l-e)' 
and therefore ir:^u,\—^ ^ — L. 

1^(1 -«) n 

Let i be the tension at P : then 
but, by a property of the ellipse. 



^4 



hence < + ^' = ^J-7- ^ ^ -l 

l«(l-e) «(l-OJ 

2|Ae 



/ , »v = a constant. 

a(l-e") 
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Again, ^denoting tiie normal pressure between the ellipse 
and the thread at P, we have^ resolving aldng the normal the 
foiices which act on ds^ 

Nds = t sin*^ + ^ sm<f>.d8y 

where ^^ is the angle between the normab- at P, p. Hence,. 
f^ denoting the radius of curvature at P, 

XT' * . M • ^ 

p r ^' 
JVp = ^+ ^.2p sin^ 

a6 2r* a 



a(l— e) r 2r*' a 

. ^ . ^ + ^ /"o -^ 

'a(l-e) 7?"^2rV a/ 

— ii_ -it 

a (l — -e) 2a 
/^(1+^) 



and therefore JV'oc (CZ?)-". 

4. Prove that the eccentricity of a section of an ellipsoid, 
made by a plane through its least axis, varies inversely as the 
distance, from this axis, of the point in which it cuts a cen- 
tric circular section. 

Let GOG' (fig. 23) be the least axis, P the point in which 
the section GFG cuts the circular section BPB\ Let Q be 
the intersection of the curve GPG' and the plane of 0-4, QB\ 
join OQ and draw PN at right angles to OQ. Let ON—r^ 
PN=z^ and e= the eccentricity of the section GPG'. 

men i-e _ ^ - ^^^. -^ _ - |^l--j : 
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but, h being the radius of the circular section, 0P= h : hence 



c 



.s 



V 



' — i^. 

and therefore € oc - . 

r 

5. 0A\ OB' J are two quadrants on the surface of a sphere, 
at right angles to each other : a great circle cuts them in A^ B^ 
respectively: from -4', 5', through any point P of the great 
circle, are drawn arcs B'PM^ A'PN^ cutting OA'^ 0B\ in Jf, JV, 
respectively : if PJV= ^, PM=^ '^^ L OAB = \, Z OB A = /a, prove 
that 

sin^X.cos*^ — 2 cos\ cos/it sin^ sin*^ + sin* ft cos*-^ = 1. 

Let ^P=a, BP^fi\ then, AMP^ BNP^ AOB, being right- 
angled triangles, we have, by Napier's rules, , 

sina.sinX = 8in'^ (1), 

sin)3.sin;& = sin^ (2), 

cot\.cotyit=cos(a + /8) (3). 

Multiplying the equations (1), (2), (3), together, and dividing by 
sina sin/8, we have 

cosX.cos;^ = sin^ sin*^ (cota cot)8 — 1), 
(cos\ cosf( + sin^ sin-^)" 

= (cosec*a— 1) (cosec'/8— 1) sin'^ sin*'^ 

= (sin*X — sin'''^) (sin";* — sin* ^), by (1) and (2), 
and therefore 

cos*\ cos*;* + 2 cos\ cos;* sin^ sin*^ 

= sin*\ sin*/* — sin*\ sin*^ — sin*;* sin**^, 
(1 — sin*X) (1 — sin*/Lt) + 2 cos\ cos/it sin^ sin*^ 

= sin*\ sin*yit — sin*\ (1 — cos*^) — sin*;* (1 — cos**^), 
sin*\ cos*^ — 2 co8\ cos;* sin^ sin^ +sin*/Lt 008**^= 1. 
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6# If a polygon of a given number of sides be inscribed 
in the orbit of a planet, such that all its sides subtend equal 
angles at the Sun, prove that the sum of the angular velocities 
of the planet about the Sun, at the angular points of the 
polygon, is independent of the position of the polygon. 

If r be the distance of the planet from the Sun and o> its 
angular velocity about the Sun at any moment, 7^<o = h. Hence, 
the equation to the orbit being 

- = 1 + 6 cos^, 

we have -j- = -^ = 1 + 2e cos^ + Je* + Je* cos2^. 

Hence the sum of the angular velocities will be constant if, 
a being equal to — , each of the series 

«j= cosO + cos(5 + a) + cos(^ + 2a)+...+ cos{^ + (n-l)a}, 
8^ = cos2^ + cos(2tf + 2a) + cos(2^ + 4a) +...+ cos{2^ + (n - 1) 2a}, 
is independent of 0. 

Now sinf^+ -j— sinf^- - J = 2 sin- cos ^, 

sm(^0+^\^sin(d+ |)=:2sin|cos(^ + a), 
sin(5 + ^)-sin(^ + |')=.2 8in|cos(^ + 2a). 



sin j^+(2n- 1) || - sin|^+(2n-3) || = 2 sin| cos|^+(n-l) al , 
Hence 2»8in - .«, = sin] ^ + (2w — 1) - [ — sin f 5 - - j 
= sin(5-^)-8in(<9-j) = 0. 
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Thus 9^ = 0, and, similarly, «, «« 0. Hence 

^SH = n(H-K), 
-5- (1 + ^e"), the value of 2 (o)), being independent of 0, 

7. A uniform homogeneous wire PAF^ of which A is the 
middle point, is bent into the form of an arc of a loop of the 
lemniscate of which A becomes the vertex: prove that the 
resultant attraction on the wire, arising from a centre of force 
at the node 0^ attracting according to the law of the inverse 
square, varies as 

f _1 LV 

VOP« OAV ' 

If A denote the resultant attraction, then, the equation to 
the lemniscate being i^^a^ cos2^, we have 

A^fil-^ cos^ 

But, from the equation to the curve, 

2 logr = 2 loga + log cos 25, 

and therefore — = r^ .d0. 

r C0825 

Hence A^f^f^,.(^, + lpe 

a Jo (cos25)* Vcos*25 / 








co»0 dO 



(cos2^* 



sin 5 



a-(l-2sin"5)i 

fjb smO _ /t sing 
a ' cos2g "" r 
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But, from the equation to the curvOy 

8in'g=: ^ a : 
2a* 

hence A oc ^^ ^ 

r 

1 \* 



f J^ LV 



8. A small light is placed at the. focus of a perfect reflector 
in the form of a paraboloid of revolution : prove that the bright- 
ness, due to reflection, at any point within the volume of the 
paraboloid, varies inversely as the square of the focal distance 
of the end of the diameter through the point. 

Let P, Pj (fig. 24) be any two points, in the generating 
parabola, indefinitely near to each other : let ;8^ be the focus : 
join 8Pj 8P'j and draw PQy FQ^ parallel to the axis, to meet 
any ordinate in Q, Q^ respectively. Take R^ E^ in SP, 8F^ 
respectively, so that SR^c^SE. Then, if SP^r and 
L P8F = dO^ the volume generated by the revolution of R8E 
about the axis of the parabola is equal to 



•'0 



rd9dr.2irr?^n.0 
=^27rHm0d0 f r'dr 



' 



= i7rc^8m0de. 

Also, if y be the ordinate of P, the area of the annulus gene- 
rated by the revolution of QQ^ about the axis is equal to 
2in/dy. 

Hence the brightness at Q varies as 

Ittc' sm0d0 
2'!rydy 

Qc — -J — , where x is the abscissa of P, 

mi0d0 ^ 
dr 
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but - = l + cos^, -Y = &m0dd: 



hence the brightness at Q varies as -« , 

r 



9. A hollow homogeneous cyUnder, of given material, which 
is perfectly brittle and incompressible, is partially inserted into 
a fixed horizontal tube just wide enough to admit it : prove that 
the greatest length which the free portion of the cylinder can 
have, without snapping off*, varies as the square root of the 
radius of its external surface. 

Let fi denote the tenacity of the material of the cylinder, 
a the radius of its internal and a' of its external surface, c its 
free length when it is on the point of snapping off*. Let r be 
the distance of any point in the mouth of the tube from its 
centre, the inclination of r to the line drawn vertically 
upwards from the centre of the mouth. 

Then the moment of the tenacity, to prevent snapping ofi^, 
about the lowest point of the mouth, is equal to 

/Lt I I rdddr (a' + r cos^ 

Jo J a 

d0 (^«'-— 2 — + — g— cos^j 

Again, p being the density of the material of the cylinder^ 
the moment of the weight of the cylinder about the same point, 
is equal to 

gp . ire (a'" — a") . ^c. 

Hence, when the cylinder is on the point of snapping off*, 

Igp . TTc'* (a'" — a") = fiira (a * — a®), 
and therefore c cc a'K 

10. A centre of force, repelling inversely as the square of 
the distance, lies below the surface of a homogeneous inelastic 
fluid, which is also acted on by gravity and is at rest: the 
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intensity of the force, at a point in the surface of the fluid 
vertically above its centre, is equal to that of gravity: prove 
that the external surface of the fluid has a horizontal asymp- 
totic plane, and that the centre of force is environed by an 
internal cavity, the summit of which is at the external surface 
of the fluid. 

Find the volume of the cavity in terms of its length. 

Let P, (fig. 25), be any point in the fluid, the centre of 
force : let 0P= r^ p= the pressure at P, p = the density of 
the fluid. Let xx' be a vertical line through 0, and Oy be 
horizontal. 

Then, for the equilibrium of the fluid, we have 

-^ '^gdx + ^ dvj 

P ^ 

Let -4 be a point, vertically above 0, in the surface of the fluid, 
at which the intensity of the central force is equal to that of 

gravity: then, if 0-4 = a, -^ is equal to g: also ^ = when 
aj = — a: hence 

p ^ r ^ 



=r — ,jra — ag + C, 

and therefore — =5a; + 2a (1). 

ffP^ r 

The equation to the free surface is 

'-du <^'- 

The equation (2) represents a surface generated by the revo- 
lution of a curve consisting of the two portions HABAK and 
HLK^ HK being a horizontal asymptote. 

From (2) we readily see that OJ5=a(V2 — 1), and thus 
-4P= a V2. Also A r= 2a, AL-=^a {^2 -h 1). 

The portion HLK of the curve must be rejected, because, 
as the equation (1) shews, ^ is negative when a; + 2a is negative. 
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In order that there may be fluid at any point, — must be 
positive : hence, by (1), we must have 



r>- 



this shews that AJB and also EAKVsLre free from fluid. 

Thus we see that there Is no fluid above the infinite ares 
AH^ AK^ and that the point is within a cavity. The volume 
of the cavity is equal to 

/•a(va-i) 

IT I j^dx 

J -a 

= W{f-(V2-l)-i(5V2-7)} 

= f7ra"(3-2V2). 

Let AB=^c: then aV2 = c: hence the volume of the cavity 
is equal to 

11. A carriage is travelling along any level road: prove 
that the sum of the squares of the shadows cast on the ground 
by any two spokes of a wheel, which are at right angles to 
each other, varies during the journey as the square of the secant 
of the Sun's zenith distance. 

Prove also that, if the road run due east and west, 

tan25 
sma==- — --, 
tan 22 ' 

a being the azimuth and z the zenith distance of the Sun, and 
6 the corresponding inclination of a spoke to the horizon when 
its shadow is greatest or least. 
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The shadow of a spoke on the ground will be the same as 
on a horizontal plane through the centre of the wheel. We 
will suppose such a plane to receive the shadow. 

Let OP (fig. 26) be a spoke, the centre of the wheel: 
let FNy a vertical line, meet the horizontal plane through O 
ia N: let OP be the shadow on this horizontal plane. Join 
ONy PP\ PN^ and draw P'O', at right angles to OJV" produced. 
Let lNPO ^ a, and L NPF = «, z. PON^ 0. Then, a bemg 
the length of the spoke OP, and c of its shadow OP', 

c* = (a cos^* -f (a sin^ tana?)* — 2a cos^ . a smd tan^ cos ("o + «) j 

c* 

-1, = sin*5 tan' a? + cos'5 + si?ia. sin25. tan« (1). 

a 

Let c' be what c becomes when is replaced by ^tt + ^i 
then 

c" 

-5. = cos*0 tan"« + sin*0 — sina.sin20.tan« (2). 

From (1) and (2), we see that 

c* + c'* = a* sec*^, 

which shews that, whether the road be winding or straight, 
c* + c'* varies as the square of sec«. 
Again, firom (1), 

2c* 

-a — 8ec'« = (1 — tan'«) cos20 + 2 sina sin2fl tan« : 

a ^ 

when c is a maximum or minimum, for given values of a and Zj 
= (1 - tan*;^) sln20 - 2 sina cos 2fl tan«, 

and therefore sina = t — tt ? 

tan2js; ' 

where, if the road run due east or west, a is the Sun's azimuth. 

The following is a different solution of the problem : 

Let (fig. 27) be the centre of the wheel, 0-4, OB^ ver- 
tical and horizontal radii, ACj GB'j their projections upon the 
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horizontal plane, OP another radius Inclined at an angle 9 to 
the horizon, CQ Its projection, QN the projection of PM : then 

CB'^OB, QN^ PM = OP cose, 

GA = OA tan«, CN=- OM tan« = OP slnO . tana;. 

Now If a line bisect a set of parallel lines. Its orthogonal 
projection will bisect the projections of the parallel lines. Hence, 
since radii of a circle at right angles to each other bisect each 
the system of chords parallel to the other, they will be projected 
into conjugate diameters of the ellipse which Is the projection 
of the circle. Therefore C4, GB\ are conjugate seml-dlameters 
inclined at an angle Jtt — a ; and. If a, J', be the lengths of the 
shadows of any other spokes at right angles to each other, we 
have 

a!^ + i'» = ^ (7" + 5' (7*, by a property of the ellipse, 

= r* tan'« -f r*, r being the radius of the wheel, 
= r^ sec®«. 
Again, CQ'=^CN'+QN'-\^2CN.QNcosACB' 

= r* sln'O tan*2 + r* cos*© + 2r* sin fl cos tan« sina ; 

and GQ Is to be a maximum or a minimum by the variation 
of 6 ; therefore the value of 6 will be given by the equation, 

= 2 (cos*6 - sin'fl) tame? sina - 2 (1 - tan'«) sin© cosfl : 

, 2 tBxiz . 2 sln0cos0 

whence - — - — t" sma = — ^ ^-^ , 

1 - tan*« cos*e - sm'O ' 

J . tan 20 

and sma = 7 — ^r-- 

tan2;9 

12* OA^ OB J OGj are meridians on a surface of revolution, 
passing through three points Aj J?, (7, which are connected 
together by the shortest arcs BG^ GA^ AB: BG cuts 0J5, 0(7, 
at angles X,, X,; GA cuts 00, 0-4, at angles X3, X^; and AB 
cuts OAj OBj at angles X^, X^ : prove that 

slnX^ • dlnXg . slnX^ = slnX^ . sinX^ . sinX^ 

Let P, Q, (fig. 28), be two points, indefinitely near to each 
other, on the shortest arc between any two proposed points 
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on the surface. In the arc OQ take q such that the arc Oq 
is equal to the arc OP. Let y = the distance of PQ from the 
axis of revolution, d<l> = the angle between the planes of OP, 
OQ^ and Qq = da. 

Then P(2« = &« + y^#^ 

and therefore, since s must be some function of y. 



i'<2={/(y)^+3^}W 



= {i'!/i;y)+2^}*#, where p = ^, 
Under the conditioQ of the problem, we must make 



/I 



a mmunum. 

By the formula of the Calculus of Variations 
V^Pp-\^l3, 
where /8 is a constant, we have 

^'-^{^^§): .••(^)- 

But, if denote the angle between PQ^ Qq^ 
yrf0 = tanO.cfe: 
hence, from (1), }t — ^f cosec^O, 

y sinfl = /8. 

By this result it appears that, if a, J, c, be the respective 
distances of the points A^ J5, C, from the axis of revolirtion, 
h sinXj = c sin\, 
c sinXQ = asinX^, 

a sinXg = h sinX^, 
and therefore 

sinX, . sinXg . sinX^ = sinX^ . sinX^ . sinX^.* 

* For this problem and also for problem (6) the Junior Moderator is 
indebted to Mr. R. L. Ellis of Trinity CoUege. 
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13. A little animal, the mass of which is w, is resting on 
the middle point of a thin uniform quiescent bar, the mass of 
which is m' and the length 2a, the ends of the bar being 
attached by small rings to two smooth fixed rods at right angles 
to each other in a horizontal plane: supposing the animal to 
start off along the bar with a velocity F, relatively to the bar, 
prove that, being the inclination of the bar to either rod, 
the angular velocity initially impressed upon the bar will be 
equal to 

Sm Fsin2Q 

dm -f 4m' ' a 

Let AJ8^ (fig. 29), be the bar, OAx^ OBy^ the rods; d the 
angle BAO^ m the mass of the little animal, m' the mass of 
the bar, k the radius of gyration of the bar about its middle 
point (t, 0) the initial angular velocity of the bar. 

Since the impulses on the system pass through the inter- 
section C of the normals to the rods at A^ 5, the algebraic 
sum of the initial moments of the momenta of the system about 
this point must vanish. Now the sum of the initial moments 
of the momenta of the particles of the rod about G is equal to 
m'(o[c?-\-k^). Again, the Velocity of O is perpendicular to 
OG and is equal to aw, and therefore the initial velocity of the 
little animal in this direction is equal to 

aa) — F sin20: 

hence the moment of the momentum of the little animal about G 
is equal to 

m [ato -* F sin 20) a* 

Hence m'(o {c? '\-J^) + m [aw — Fsin2^) a = 0, 

3m Fsin2g ^ 
3m + 4m' * a 

14. A narrow tube, in the fbitn of a common helix, is wound 
round an upright cylinder, initially at rest, which is pierced 

♦ A solution of this problem, based on the same physical conception, was 
given by one of the Candidates in the Senate- House Examination. 

F2 
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by two smooth fixed rods, parallel to each other and horizontal : 
supposing a molecule to be placed within the tube, at a point 
of which the distance from the axis of the cylinder is parallel 
to the rods, find the velocity of the cylinder when the molecule 
arrives at any proposed point of the tube. 

Prove that, w, m', being the masses of the molecule and 
cylinder, the velocities which the cylinder has acquired, at the 
successive arrivals of the molecule at points most distant from 
the plane in which the axis of the cylinder moves, will have 
their greatest values when, a being the inclination of the helix 
to the horizon, 

tan a= — ; — >. 

Let Oxj (fig. 30), be the line of motion of the centre C of 
the base of the cylinder : let Oz be a vertical line. Let P 
be the place of the molecule at any time t. Draw the vertical 
line PN to meet the circumference of the base of the cylinder 
in N: draw NM at right angles to Ox and join NO. 

LetOM=x,MN=i/,PN=z,OC=x',LOCN=0. Then, 
by the principle of Vis Viva, if c be the initial value of «, 



fH 



/da? dy' de^ , , dx'" ^ , . 



By the Principle of the Conservation of the Motion of the 
Centre of Gravity, 

dx , , dx ^ ,. 

'^di+"'Tt=^ (2)5 

also, from the geometry, if a be the radius of the cylinder, 

x' — x^^a cosO (3), 

y = a sinO (4), 

C'-z = aO tana (5). 

From (2) and (3), we have 

dx ma , f. dO ,^. 

-57 = — ; — f sine -5- (6), 

dt m + m dt . '' 

, dx* ma , ^dO .. 

»°^ dT = - ^TF^ "°^ rf«-- (^)- 
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From (1), (4), (5), (6), (7), there is 

{m cos"9 + m' + {m-\- m!) tan*a} -^ = -^ {m + m') tana, 
and therefore, by (7), 

df ~^ m-\-m ' m cob"0 -i-m +{m + m) tan'a ' 

If fi = (2\ + 1) Q , X being an integer, 

dx^ _ m*a (2X + 1) irg tana 
df "^ m + m'' m' + {m'\' m) tan'a ' 

da?' , . 

and therefore -^ is a maximum by the variation of a when 

m' + (wi + m) tan'a — 2 (m + m') tan'a = 0, 

or when tan*a = - 



m-\-m 



( 70 ) 



Tuesday, Jan. 6. 9 to 12. 



1. Parallelograms upon the same base, and between the 
same parallels, are equal to one another. 

ABC is an isosceles triangle, of which A is the vertex : 
AB^ AC^ are bisected in D and E respectively; BE^ CD^ 
intersect in F\ shew that the triangle ADE is equal to three 
times the triangle DEF. 

Join AF^ (fig. 31), meeting DE in O. Then, since the tri- 
angle is isosceles, the triangle AFD is equal to the triangle 
AFE^ and the triangle OFB to the triangle OFF. 

Now t>.AED = ABED^ since base AD = base DB ; 
that is, 2AA GD = ABFD + 2ADFG. 

But AAFD = aBFD^ since the bases AD^ BD^ are equal, 

or AAGD + ADGF=ABFB. 
Hence 2AA GD = AAGD + AD GF-Y 2ADFG, 
or aAGD^^ADGF', 

and therefore 

AAED = ^ADEF. 

2. In any triangle, the square on the side subtending either 
of the acute angles is less than the sum of the squares on the 
sides including this angle, by twice the rectangle contained 
by either of these sides, and the straight line intercepted be- 
tween the acute angle and the perpendicular drawn to this 
side, produced if necessary, from the opposite angular point. 
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The base of a triangle is given and is bisected by the centre 
of a given circle, the circumference of which is the locus of 
the vertex: prove that the sum of the squares on the two 
sides of the triangle is invariable. 

Let AB^ (fig. 32), be the base of the triangle, the centre 
of the circle, O the vertex of the triangle. Join (X4, GB, COj 
and draw Cilf at right angles to AB. 

Then 

square on AG = square on OA + square on OC 

+ twice rectangle OAj OM: 

also square on BG-\- twice rectangle 05, OM 

= square on OB + square on 0(7, 

or square on BC+tmce rectangle 0-4, OM 

= square on OA + square on 00. 
Hence 

square on ^40+ square on BG 

= twice square on OA + twice square on OG 

= an invariable magnitude. 

3. The opposite angles of any quadrilateral figure inscribed 
in a circle are together equal to two right angles. 

Prove also that the sum of the angles in the four segments 
of the circle exterior to the quadrilateral is equal to six right 
angles. 

Let ABGD (fig. 33) be any quadrilateral in a circle. Join 
AG. 

Then, by the proposition, 

the angle in exterior segment AB+/,A GB=2 right angles, 

and -4i> + Zu!lCZ> = 2 right angles. 

Hence the sum of the angles in the two exterior segments 
ABj AD J together with the angle BGJDj =4 right angles; and, 
similarly, the sum of the angles in the two exterior segments 
CB, GDy together with . the angle BAJD^ = 4 right angles. 
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Hence the sum of the angles in the four exterior segments, 
together with the angles BAD^ 5CZ>, = 8 right angles. But the 
angles BAD^ BCD = 2 right angles, by the proposition. Hence 
the sum of the angles in the segments is equal to six right 
angles. 

4. Inscribe a circle in a given triangle. 

Circles are inscribed in the two triangles formed by drawing 
a perpendicular from an angle of a triangle upon the opposite 
side, and analogous circles are described in relation to the two 
other like perpendiculars : prove that the sum of the diameters 
of the six circles together with the sum of the sides of the 
original triangle is equal to twice the sum of the three per- 
pendiculars. 

Draw AP^ (fig. 34), at right angles to the base 5(7 of the 
triangle ABC, Let the circle, inscribed in the triangle ABPj 
touch AP^ BP^ ABy in Jf, N^ E, respectively. 

Then AP-\- BP^ AM+ MP+ BN-^ NP 

= AE^MP^-BE-¥MP 

= AB + twice the radius. 

Hence, A^ denoting the diameter of the circle, 

A, + AB=AP+BP. 

Similarly, Ac denoting the diameter of the drcle inscribed in 

the triangle ACP. 

Ac+AC=AP+CP. 

Hence A, + Ac + AB+GA=: 2AP-^ BG. 

Similarly, 5^, B^, and (7,, (7„ denoting analogous diameters 

in relation to the two other like perpendiculars of the triangle 

ABCy 

B, + B^-]-BC+AB = 2BQ+CAy 

and 0^ + C^-\- CA+BC = 2CB + AB. 

Hence, adding, and taking equals from equals, 

A, + A,+B,-\-B^-^Cl-^C,']-B0+CA + AB=2{AP-\-BQ-\-CB). 
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6. Similar triangles are to one another in the duplicate 
ratio of their homologous sides. 

Any two straight lines, BB\ CC\ drawn parallel to the 
base DU of a triangle ADD\ cut AD in jB, (7, and AU in 
B\ C'x BC\ B'Cj are joined: prove that the area ABC or 
AB'C varies as the rectangle contained by BB'^ CC\ 

Area ACB' : area ABB' ::AG: AB, by Euclid (vi. 1), 

:: CG' : BB\ by Euclid (vi. 4). 
But, by Euclid (vi. 1), 

CC : BB' :: rectangle BS\ CC : square on BB'. 

Hence 

area ACB' : area ABB' :: rectangle BB'^ CC : square on jBJS', 

whence 

area 4CB' : rectangle BB'^ CC :: area ABB' : square on BB'. 

Bntjhy Euclid {yi. 19), 

area ^5j?' oc square on BB' : 

hence area A CB' oc rectangle BB'j CC : 

so also area ABC oc rectangle BB'^ CC. 

6. If two parallel planes be cut by another plane, their 
common sections with it are parallel. 

A triangular pyramid stands on an equilateral base, and 
the angles at the vertex are right angles; shew that the sum 
of the perpendiculars on the faces from any point of the base 
is constant. 

Since the angles at the vertex are right angles, each plane 
face forming the vertex is at right angles to the other two. 

Let BA C (fig. 35) be the equilateral base and JD the vertex. 

Then, since BA = BCj and BD is common, and the angles, 
BDA^ BDCj are right angles, AD = DC^ and, similarly, =BI>. 

Now let P be any point in the base. Through P draw a 
plane parallel to BBC cutting the planes BBAj CDA^ in 
6a, ac. Then, by the proposition, Ja, oc, are respectively 
parallel to BD^ DC, From P draw Pm^ Pn^ perpendiculars 
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to ac, oJ, respectively. Then -Rw, JW, ai>, are the perpen- 
dicular distances from P on the three faces, and Pm is parallel 
to DB. 

Therefore the triangle Pmc is similar to the triangle BDC. 

Hence Pm = wc, 

Pm + Pn=^ac = aA^ since ac is parallel to DG^ 

and therefore Pm + JVi + ajD = AB^ and is constant. 

8. Prove that, in the parabola, SV'^SP.SA. 

A circle is described on the latus rectum as diameter, and 
a common tangent QP is drawn to it and the parabola : shew 
that fiP, 8Q^ make equal angles with the latus rectum. 

Let 8 (fig. 36) be the focus, 8L the semi-latus-rectum. 
Through Q draw QRQ^ parallel to the axis of the parabola, 
meeting 8L in R and 8P in Q. Produce PQ^ meeting the 
axis in T. Then, since 8T is equal to 8P and 8Q is common, 
and the angle 8QT is equal to the angle 8QP^ hence TQ — QP^ 
and therefore 8Q = Q'P. 

But, by the proposition, since 8Q is the perpendicular from 
8 on the tangent at P, 

8(^=8P.8A, 

or 4/S4» = 8P. 8A^ since 8Q = 2/g4 ; 

hence 8P^^8A^28Q^ 

and therefore SQ = i>SP= ;8G, 

and therefore, evidently, since QBQ' is perpendicular to 8Ly 
the angle Q8L is equal to the angle P8L. 

9. Prove that the focal distances of any point of an ellipse 
make equal angles with the tangent at the point. 

PG is a normal to an ellipse, terminating in the major axis ; 
the circle, of which PG is a diameter, cuts 8Pj. JBP, in K^ i, 
respectively: prove that KL is bisected by PGy and is per- 
pendicular to it. 

Let (fig. 37) be the point of intersection of PG^ KL. 
Join KG^ LG. 



9-12.] RIDERS. 75 

Then, in the triangles KPG^ LPO^ lKPO = lLPO^ and, 
since PO is a diameter, lPKQ — lPLO\ also, PQ is common 
to both triangles. Hence, by Eudid (i. 26), PK=PL^ GK=OL. 
Again, in the triangles POK^ POL^ PK= PL^ PO is common, 
and lKPO = lLPO : hence, by Ihiclid (i. 4), KO = LO. More- 
over, in the triangles POK^ POL^ PK=^PL^ lOPK^lOPL^ 
and PO is common : hence, by Eadid (i. 8), lPOK^ lPOL^ 
that is, PG is perpendicular to KL, 

10. The perpendiculars from the foci of an ellipse upon the 
tangent meet the tangent in the circumference of a circle. 

Prove also that if from H a line be drawn parallel to /SP, 
it will meet the perpendicular 8Y m the circumference of a 
circle. 

Let 8P (fig. 38) be produced to meet the perpendicular from 
H upon the tangent at P in H\ Draw HP parallel to /SP, 
meeting BY in P. Then 8H*HP is a parallelogram and 
HP = 8H'=-2AC. Therefore the locus of jP is a circle with 
centre H and radius equal to the major axis. 

11. If tangents be drawn at the vertices of the axes of an 
hyperbola, the diagonals of the rectangle so formed are asymp- 
totes to the four curves. 

Prove that a perpendicular, drawn from the focus of an 
hyperbola to the asymptote, will intersect it in the directrix. 

Let CT (fig. 39) be an asymptote, 8Y a perpendicular 
from the focus 8 upon CT. Draw YJE at right angles to C8. 

Since CT, an asymptote, is a tangent, therefore F is a point 
in the circle the centre of which is C and radius equal to GA : 
hence 

CY:^GA. 

But C8: GYv.GYiCEi 

hence C8 : GA :: GA : GE: 

consequently ^ is a point in the directrix. 
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4. Prove a rule for extracting the square root of a com- 
pound algebraical quantity. 
Shew that, if 

be a complete square, the coefficients satisfy the equation 

< 
Is it necessary that the coefficients satisfy any other equation? 

Extracting the square root of 

cc* + aa? + fee* + ca? + rf 

in the usual manner, we have the following operation ; 

X* + aa? '\'bQi?-\-cX'\-d 



2a? + ^x . cia?^-ba? 

00?'* + — 0^ 
4 



^-f-K'-i) 



f-l('-7)}-^-i('-?)" 
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Now, If the expression be a complete square, this remainder 
must vanish ; and, that it may vanish for general values of a?, 
we must have 

-i^S-" ■■••(•). 

^-ki^-i)''" ('); 

8 

whence, eliminating J — — , we obtain 

c«-.a»(/=0 (3). 

The coefficients must satisfy the equations (1) and (2), and 
therefore either of these equations together with the equation 
(3) which results from them. 

6. Find the number of permutations of n things taken r 
together. 

If the number of permutations of n things taken r together 
be denoted by the symbol 

shew that the number of such permutations, in which p par- 
ticular things occur, will be 

Let the p particular things be removed ; then there will be 
n — ^ things remaining, which will admit of 

{n—p) {n—p— l)...{n— j?— (y— j?) + 1} 

combinations with r—p things in each group. Now, if the 
p things be restored to each group, we shall have 

{n — p) (n— ^ — l)...(/i — r+ 1) 
1.2...(r-^) 

combinations of n things, taken r together, in which p particular 
things occur; and, since each group admits of 1.2...r permu- 
tations, the corresponding number of permutations will be 

^•^•••'^'' 1.2...(r-^) ' 
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or r(r-l)...(r-^+l) x (n-^) (n-^- l)...(w-r+l), 
or 'i'p.-'i'r.^. 

8. Define the sine of an angle, and prove from your 
definition that for all values of numerically less than tt, 
sin(7r — ^) = sin^. 

Trace the variation in sign of the expression 
cos (tt sin 6) . cos (tt cos 6) , 

TT 

as varies from to — . 

IT 

cos(7r sin^) is positive from ^ — to = -^^ 

...negative = -^ ... ^ = - ; 

cos (tt cos ^) ... negative 5 = ...0 = —^ 

TT /, TT 



...positive ^ = i' •••^=o5 



TT 



therefore the product ... negative = ...5 = -, 



6 

.positive ^"^F ••• ^~^ » 

.negative ^ = ^ ••• ^ = o • 

O it 



9. Find an expression for all the angles which have the 
same sine. Hence, if sin 35 be given, find the number of 
values of tan which will be generally obtained ; and illustrate 
the result geometrically. 

Let a be the least positive angle, the sine of which is the 
given sine ; 
then 35 = w7r+(-l)".a. 

and tan5 = tan ^^ — '-^ . 
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Now n Is of one of the forms 3r, 3r + 1 ; and from these several 
forms we obtain 

tantf = tanjr7r+ (— l)*".-|- = ±tan- , as r is even or odd, 

tan5 = tanjr7r + ^-5— ^ — ^= tan— ^ , 

tan^stanjrTT ^-^— ^ — ^ = — fan-^- 5 

there are therefore, in general, six different values. 

11. Determine the expression for the cosine of an angle of 
a triangle in terms of the sides, and deduce the expression 
for the sine. 

K 6 and if> be the greatest and least angles of a triangle, 
the sides of which are in arithmetic progression, prove that 

4 (1 — COsfi) (1 — COS0) = cosO + cos^. 

Let a — J, a, a + J, be the sides of the triangle ; 

then cos B = \: — j- — tn - 

2a. {a-- o) 

a "4:1 





~2(a-J)' 


and similarly 


COS0=--7 rx • 


Hence 


(2 cosd - 1) a = (2 cos^ - 4) i. 




(2 cos</» - 1) a = (4 - 2 cos^) 5 ; 


and therefore 


2cos^-l cosff-2 



2cos^— 1 " 2 — cos^' 
whence 4 cos^ . cos^ — 5 (cos^ + cos ^) + 4 = 0, 
and therefore 4 (1 — cosff) (1 — cos^) = cos^ + cos^. 

12. A quadrilateral can be inscribed in a circle; find the 
tangent of half of one of its angles in terms of its sides. If 
a circle can be inscribed in the quadrilateral, shew that the fourth 
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root of the product of its sides is a mean proportional between 
its semi-perimeter and the radius of the inscribed circle. 

If a circle can be inscribed in the quadrilateral, the sums of 
its opposite sides are equal, and therefore, if a, b^ c, dj be the 
lengths of the sides AB^ BC^ CD^ DA^ 

a + c = 5 + rf. 

Let r be the radius of the Inscribed circle : then it is easily 
shewn that 

a = r^cot--fcot-), 

c = r(^cot-+cot~j; 

(ABO D\ 

cot--+cot--- + cot- + cot— ) . 
2 2 2' 2/ 

But ^j,^*-^ - {o-a)-{o-^ .Jx^ 

JJut ^""^ i- [s-h).{8-e)-ad' 

and tan — , &c. are given by similar forms; therefore 
ad-\^ bc + ab + cd 







^/{ahcd) 


= r.{a + c) 

= r . (semi-perimeter). 
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li Assuming that the resultant of two forces, acting at a 
point, is represented in direction by the diagonal of a parallel- 
ogram, the sides of which represent the forces in direction and 
magnitude; shew that the diagonal will also represent the 
resultant in magnitude. 

Shew that within a quadrilateral, no two sides of whida. are 
parallel, there is but one point, at which forces, acting towards 
the comers and proportional to the distances of the point from 
them^ can be in equilibrium. 

Let ABGJD (fig. 40) be the quadrilateral, and suppose P 
Auch a point that the forces represented in direction and mag- 
nitude by PA J PBj PGy PDj are in equilibrium. Bisect AB 
in 7n, and CD in n ; and join Pm^ Pi ; JWi, Pw, are the semi- 
diagonals of the parallelograms, the sides of which are PA^ PBj 
and PGj PD^ respectively, and therefore will represent in mag- 
nitude and direction the resultants of the forces represented by 
PAj PBj and by P(7, PJD, Hence Pm^ Pn^ must be equal to 
each other and in the same straight line, or P must be the 
middle point of the line joining the points of bisection of two 
opposite sides of the quadrilateral. And since, by a known 
theorem, the lines joining the middle points of the opposite sides 
of a quadrilateral mutually bisect each other, there is one such 
point and one only* 

2. Shew that if three forces acting in one plane hold a body 
in equilibrium, they either pass through a point or are parallel 
to each other. 

G 
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A heavy equilateral triangle, hung up on a smooth peg by 
a string the ends of which are attached to two of its angular 
points, rests with one of its sides vertical ; shew that the length 
of the string is double the altitude of the triangle. 

Let ABC (fig. 41) be the triangle, -4, 5, the points of 
attachment of the string, and consequently BC the vertical 
side, j& the peg. Draw AD perpendicular to BC^ and take AG 
two-thirds of AB ; G is the centre of gravity of the triangle. 

Since the triangle is held in equilibrium by the tensions 
of the string acting along AE^ BE^ and by its weight acting 
through G^ the directions of these forces must pass through 
the same point E\ and, since the tension of the string is the 
same throughout, the vertical through G must bisect the angle 
AEB. 

Produce EB to meet AD produced in F^ and join (?-B; then, 
in the triangles AGE^ FGE^ 

right lAGE= right z FGE, L AEG = lFEG^ 

and the side EG is common ; therefore AG=GF^ and AE=EF, 
But AG =-2 GD', therefore GF=2GD] and, since GE and 

DB are paraUel, EB^BF, and AE= 2EB. 

Also, since G and B are the middle points of AF and EF, 

GB is parallel to AE. 

Hence iBEG = lAEG = lEGB] 

and therefore EB=BG==AG = ^AD. 

And the length of the string, which is AE together with JEB, 

= SEB 
^2 AD. 

3. Find the relation of the Power to the Weight in the 
single moveable puUy, when the strings are not parallel. 

An endless string hangs at rest over two pegs in the same 
horizontal plane, with a heavy puUy in each festoon of the 
string : if the weight of one pully be double that of the other, 
shew that the angle between the portions of the upper festoon 
inust be ^eater than 120**. 
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Let TT, 2 T^ be the weights of the pullies ; 20, 2^, the incli- 
nations of the portions of the upper and lower festoon, (fig. 42) ; 
T the tension of the string, which is the same throughout. 

For the equilibrium of the upper pully, resolving vertically, 

we have 

Tr=2rcos(9; 

and similarly for the lower puUy, 

2TF=2rcos<^- 
Hence 2 cos = cos ^- 

Now ^ can never be zero^ and consequently cos<^ must be 
always less than 1; therefore cos^ must be less than J, or 6 
greater than Jtt, and consequently the angle between the por- 
tions of the upper festoon greater than 120°« 

5- Define the centre of gravity of a heavy body ; and de- 
termine the position of the centre of gravity of a pyramid on 
a triangular base. 

Find the centre of gravity of the solid included between two 
right cones on the same base, the vertex of one cone being 
within the other; and determine its limiting position if the 
vertices approach to coincidence. 

Since the cones which bound the solid have the same base, 
their volumes will be proportional to their altitudes ; and there- 
fore, if A, A', be those altitudes, and x the height of the centre 
of gravity of the solid above the common base^ we shall have 

a:(A-A')-|.|.A' = |.A; 

whence aj = - ^-3^, 

= i(A + A'); 
and, when the vertices of the cones approach to coincidence, V 
approaches to A as its limit, and consequently x to ^« 

6. State the laws of friction ; and explain what is meant 
by the term * coefficient of friction.' 

A uniform rod is held at a given inclination to a rough 
horizontal table by a string attached to one of its ends, the 

g2 
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other end resting on the table ; find the greatest angle at which 
the string can be Inclined to the vertical without causing the 
end of the rod to slide along the table. 

Let AB (fig. 43) be the rod, O its centre of gravity, W Its 
weight, B the vertical reaction of the plane, F the friction, BC 
the string. Inclined at an angle to the vertical, /3 the angle 
which the rod makes with the plane. 

Also, let 8 be the resultant of B and F^ a the angle which 

F 
Its direction makes with the vertical, so that tana = -^ . 

Since there is equilibrium, the direction of 8 must pass 
through Gj the intersection of the string and the vertical 
through (?; and therefore 

(y(7_ sIn(i7r-a-/3) GO _ Bm{/3 + ^ir^ 0) 
AG" sina ' BG Bm0 

But, since the rod is uniform, AG^BG^ and therefore 

COS {a -\'fi) ^ cos(g-/8) 
sina ~ sin^ ' 

whence cot ^ = cot a — 2 tan /3. 

Now has Its greatest value when cot^ Is least, and there- 

fore when cot a Is least, or the ratio -^ is least, that Is, when 

the end of the rod Is on the point of slldmg. Hence, If tans 
be the coefficient of friction between the rod and the plane, 
we have « = e, and cot tf = cot e - 2 tan)8, 

for determining the value of 0. 

K the string be held on the other side of the vertical, the 
end of the rod will tend to slide in the contrary direction, and 
we must replace s in the formula by — e. If ^ be the corre- 
sponding value of 0j we shall have 

«ot^' = cot(-8) - 2 tan)8, 
or cot(- 0') - cote + 2 tan)8. 

Hence the greatest angle at which the string can be In- 
clined to the vertical, will be when the string and the rod 
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are on opposite sides of the vertical, in which case the in- 
clination will be 

cof*^(cote+2tan/8). 

7. Define uniform motion and uniformly accelerated motion, 
and explain how they are measured. 

If / be the measure of a uniform acceleration, when t mi- 
nutes and a feet are taken as the units of time and space, 
and /' the measure of the same acceleration, when a feet are 
taken as the unit of space, find the number of minutes in the 
unit of time. 

If the motion of a point be uniformly accelerated, its ac- 
celeration is measured by the increase of the velocity in a 
unit of timCy the velocity being referred to the same unit. 

Hence, in the case proposed, taking t' for the unknown 



umt. 



the velocity per t minutes added in t minutes =fa {in feet) ; 

fa 
per mmute s*^. 



and one minute = ^ , 

per «' minutes ^Z-.i^ 



e 
e 



and therefore, since /V also [represents (in feet) the velocity 
per i minutes acquired in t' minutes, 

/«'=/«. ^, 

whence ^'"Hf') ' 

8. State the second law of motion ; and apply it to prove 
that a force, of uniform intensity and direction, acting on a 
given particle originally at rest, produces a uniform accelera- 
tion of its motion. 
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State the convention with respect to units which is necessary, 
in order that the equation P= Mf may represent the relation 
between the numerical measures of force, mass and accelera- 
tion; and supposing the unit of force to be 5lbs. and the unit 
of acceleration, referred to a foot and a second as units, to 
be 3, find the unit of mass. 

It appears, as the result of experimental facts, that P oc Mf^ 
and therefore that P=CMfj the constant C depending on the 
units assumed. The equation P= Mf implies that the unit of 
mass is the mass of a body in which the unit of force produces 
the unit of acceleration, that is, two of the units being given 
the assumption that (7=1 defines the third. 

Let m measure the mass of a body whose weight is 5lbs. 

Then,, since a force 5lbs. produces in m an acceleration g^ 
where gj referred to a foot and a second as units, is 32*2 ap- 
proximately, and since, when P is given, fee — , it would 
produce an acceleration '1^ in a mass ^m, and therefore an 
acceleration 3 in a mass '^- . 

Hence the unit of mass required is to tti as y is to 3, and 

32*2 
IS therefore the mass of a body the weight of which is — — x 5lbs. 

o 

or 53'5lbs. nearly. 

Taking 1000 oz. as the weight of a cubic foot of water, 
the volume of water representing the unit of mass will be 

-j^^^ or ~th of a cubic foot. 

J" 

9. An elastic ball Ay moving with a given velocity on a 
smooth horizontal plane, impinges directly on a ball B of the 
same radius, at rest; determine the velocity of each after the 
impact, indicating at what points of your reasoning any law 
of motion or other result of experiment is assumed. 

Shew that, if B afterwards impinge perpendicularly on 
a smooth wall, the original distance of which from the 
nearest point of B is given, the time, which elapses between 
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the first and second impact of the balls, will be independent 
of their radius. 

If h be the given distance, and x the distance from the wall 
of the nearest point of B when it meets the ball A^ and if d 
be the diameter of J?, the space over which A has moved in 
the interval between the two impacts 

= ^ + A — a? — c?= A — a?. 
Hence, if v, v be the velocities of A and B at first, 

-7 H > = the time contemplated = : 

V ev ^ V ^ 

an equation which shews that a?, and therefore the time, is 
independent of the diameter. 

10,^ Shew that a particle, projected in any direction not 
vertical, and acted upon by gravity only, will describe a 
parabola. 

An inclined plane passes through the point of projection; 
find the condition that the particle may impinge perpendicularly 
on the plane; and, in that case, shew that its range on the 
plane is equal to 

2v* sin a 
"^ * 1 + 3 sin^'a ' 

where v is the velocity of projection, and a the inclination of 
the plane to the horizon. 

If the particle fall perpendicularly on the plane, the vertical 
plane of its path must be perpendicular to the plane, and there- 
fore perpendicular to the horizontal line in the plane through 
the point of projection. 

Let Q be the angle which the direction of projection makes 
with the plane, then the time of flight 
_ 2v . sin 
" y.cosa ' 
and the velocity parallel to the plane being in this time de- 
stroyed, we have 

r. -n • 2tJ.sin0 
= V . cosS — a . sma . , 

^ g. COBOL ^ 



88 S£KAT£-HOUS£ PROBLEMS AND BIDEBS. [Jan. 7j 

or 

and the range 



or 2.tantf = cota; 

i;\coB»^ 



2ff sina 



2g mia' 1 + ^ cot*a 

_ 2v* sing 
"" ^r * 1 + 3 sin'a ' 

II. Two given weights are connected by an Inextensible 
string, which passes over a smooth puUy ; determine the motion 
of each weight and the tension of the string. 

The system being initially at rest, find the weight which, 
let fall at the beginning of the motion from a point vertically 
above the ascending weight, so as to impinge upon it, will 
instantaneously reduce the system to rest* Will the system 
afterwards remain at rest? 

Let P and Q be the two weights, P being gi'eater than Qj 
and let the weight B at the time t impinge vertically on Q ; then 

P—Q 

the velocity of Q, at the instant before impact being p — ^ ,gtj 

and of Bj gt^ the impulsive action on B 

9 ^ 
if the system, and therefore J3, be supposed to be reduced 
instantaneously to rest. 

Hence, since Q is reduced to rest^ the impulsive tension 
of the string 

n f « ^"^ nf 



=(«-«.^«). 



and, since this impulsive tension rednceis P to rest, it also 



g'P+Q 



,gt. 
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Therefore, equatmg these values, we obtain 

B = P-Q, 

and the system will obviously remain at rest. It may be 
noticed that the principle of the conservation of the motion 
of the centre of gravity would give this result at once. 
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1. Give the meanings of the several symbols which are 
employed in the formula j?=^/9«. 

If one second be the unit of time, what must be the unit 
of length, in order that the above formula may give the pressure 
in pounds, supposing the unit of volume of the standard sub- 
stance to weigh 16lbs.? 

The unit of weight understood in the formula p=gpZ'i is 
the g^ part of the weight of a unit of volume of the standard 
substance, 

= ( - j of 16lbs., by the question, 

= lib,, by the question ; 

therefore, g must be equal to 16. 

But, when one foot and one second are taken as the units 
of length and time, ^^ = 32 nearly ; therefore, if the unit of time 
be still one second, the unit of length must be nearly 2 feet, 
in order that g may be equal to 16, i.e., in order that the unit 
employed in the formula p ='gpz may be one pound weight. 

4. A body of given volume is immersed totally in a given 
fluid; find the magnitude and direction of the resultant fluid 
pressure. 

A body is floating in a fluid; a hollow vessel is inverted 
over it and depressed: what efifect will be produced In the 
position of the body, (1) with reference to the surface of the 
fluid within the vessel, (2) with reference to the surface of the 
fluid outside? 
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By depressing the vessel the density of the air within the 
vessel is increased. 

Now before depression, the weight of air displaced, together 
with the weight of water displaced, is equal to the weight of 
the floating body. 

Suppose the body in the same position relatively to the 
surface of the fluid within the vessel after depression as before. 

Then the resultant fluid pressure on the body is equal to the 
weight of water displaced together with the weight of air dis- 
placed; but the weight of the same volume of air is greater 
when the vessel is depressed than before ; therefore the resultant 
fluid pressure upon the body, supposed in the same position 
relatively to the surface of the fluid after depression as before, 
would be greater than the weight of the body, and therefore 
the body, if free to move, will rise relatively to the interior 
surface. 

Whether it will rise or sink, with reference to the exterior 
surface, will depend upon the relation between the density of 
the body, of the fluid, and of the compressed air, and therefore, 
in order to determine the eflfect in any particular case, it would 
be necessary to know the volumes of the vessel and of the body. 

5. Describe the Diving Bell,, and find the volume of the 
air in the bell at any depth below the surface. 

If P be the weight of the bell, P' of a mass of water the 
bulk of which is equal to that of the material of the bell, and 
TF of a mass of water the bulk of which is equal to that of 
the interior of the bell, prove that, supposing the bell to be 
too light to sink without force, it will be in a position of un- 
stable equilibrium, if pushed down until the pressure of the 
enclosed air is to that of the atmosphere as W \o P--F. 

Conceive the bell to be depressed to a certain depth below 
the surface of the fluid. Let u = the volume of the interior 
of the bell which is free from water, v = the volume of the 
whole interior of the bell, x = the depth of the surface of the 
water in the bell below the surface of the fluid, h s= the alti- 
tude of a water barometer, and p = the density of water* 
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Then, by Boyle's law, 



u h 



,(1). 



V A + a? 

Also, if the bell be in equilibrium, 
P=gpu + F' 

p being the pressure of the atmosphere andy of the air enclosed 
in the bell. 

Hence £ = __. 

If the bell be depressed lower, the displaced water being less 
than in the position of equilibrium, the bell will sink : if the 
bell be elevated, the displaced water being greater, the bell 
will rise : thus the position of equilibrium is unstable. 

7. Find the geometrical focus (1) of a pencil of rays in- 
cident directly upon a plane refracting surface, and (2) of a 
pencil incident directly upon a refracting plate. 

A ray, passing through a point Q, is incident upon a re- 
fracting plate ; J is the intersection of the emergent ray, pro- 
duced backwards, with the normal to the plate through Q\ 
if the angle of incidence be equal to tan'V? <^d t be the 
thickness of the plate, prove that 

A* 

Iiet QnBT{^%. 44) be the path of the ray. 

Let ^ = the angle of incidence on the plate, ^ = the angle 
of first refraction, t &= the thickness of the plate, ik » the index 
of refraction. 
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Draw BEy parallel to Qqy to intersect 8q ia E. Then, 
since 8Ty the emergent ray, is parallel to QB^ the incident 
ray, we see that 

^ sin^ 

^^ 8in(^-f) 

'cos^' sin^ 

= «(l-tan^'cot^). 
But tan0 = /iA, and sin^ = /u sm^'; hence 

cos <l> = sin <f>\ ^' = ^TT — ^, 

and therefore tan 6' = cot 6 = - . 

A* 

Hence Qq— % •t. 

8. A ray of light passes through a prism in a plane per- 
pendicular to its edge : shew that, if ^ and '^ be the angles 
of incidence and emergence and i the refracting angle of the 
prism, the deviation is equal to 

^±•^ — 1*, or '^ — ^ — t, 

according as the incident ray makes an acute angle with the 
face of the prism towards the thicker end or the edge. Under 
what convention will these expressions for the deviation be all 
represented by ^H--^ — t, and with this convention for what 
value of <t> will -^ change sign? 

K the ray be incident between the normal at the point of 
incidence and the thicker end, it may emerge on either side 
of the normal at the point of emergence. Now, taking the 
notation given in the question, 

the deviation at the 1st surface = ^ — ^', 

2nd rr:^--^'; 

therefore the total deviation (being always from the edge) 
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the positive or negative sign being taken accoring as the 
emergent ray lies on the thicker-end or thinner-end side of the 
normal, 

or the total deviation in this case =(\>±'>^ — {. 

If the ray be incident between the normal and the thin end, 
the deviation at incidence will be ^ — <^' towards the edge, 
emergence ^Ir — ^Ir' from , 

and the total deviation from the edge ='\lr— yfr'—^cf) — <!)') = yfr—cfy—t. 

If it be agreed to consider angles measured from the normal 
towards the thicker end as positive, and those measured towards 
the thinner end negative, all these expressions will be included 
in the formula (jy-^yfr — i. 

The value of yfr will change sign at that value of ^ which 
gives the incidence on the second surface direct; i,e. which 
gives <f>' = i. 

But sin<f) = fi sin <l>' = fi sini] 

therefore, the value of ^ required = sm'^fi sin^. 

9. Explain the formation of an image by reflection, and 
find the magnitude and position of the image of a given object 
placed before a plane mirror. 

The faces of two walls of a room, meeting at right angles, 
are covered with plane mirrors; shew that a person will be 
Able to see but one complete image of himself in either wall. 

Let CL4, CJ5, (fig. 45) be the intersections of the walls 
with a horizontal plane through P, any point of the observer. 
Draw Pn^ perpendicular to GB and produce it to P^, taking 
WjPj = n^P: Pj is the first image of P formed by reflection at CB. 

Join PC and produce it. Through P^ draw P^n^P^ perpen- 
dicular to AG and meeting A G produced in n^ and PG in P,^ 

Then, since Pn^ = ^1-^*17 

P(7=(7P,andP,7i, = P,7i,; 
therefore P, is the image of P^ reflected at C4, and similarly 
it may be proved to be the image of the image of P at GA 
formed at GB. 
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Therefore all rays from a given point will after two reflec- 
tions, whether first reflected at (7-4, or CB, diverge from a 
common focus. 

There will then be two first images, one formed by reflection 
at each wall and visible to the observer looking directly into 
either mirror; and one common second image visible to the 
observer looking towards the edge. Also, since the second 
images of all points of the observer in a vertical plane through 
the intersection of the walls and the eye of the observer lie in 
this plane, part of the second image of the observer will lie to 
the right of this plane and part to the left, and these two parts 
will be visible, the one in the right hand mirror and the other 
in the left. Hence part only of the second image will be visible 
in either wall. Moreover, since no rays reflected from C4, as 
from Pj, can fall on CS, and none reflected from CB, as from P^, 
can fall on C4, P, is the last image that can be formed of P. 

Hence no more than one complete image of himself can be 
visible to the observer, whether he looks directly into either 
mirror or towards their common edge. 

10. A diverging pencil of rays is incident directly upon 
a concave spherical refractor: find the geometrical focus of 
the refracted pencil. 

A short object is placed perpendicularly on the axis of the 

f 
refractor, and at a distance from it equal to — , / being the 

focal length: prove that the linear magnitude of the virtud 
image is half that of the object. 

Let PQ (fig. 46) be the object, G the centre of the refractor: 
let CA be the radius through Q : join CP. Let q be the image 
of Q and^ of P. Let AQ = u^ Aq = v. Then 

~" — "T" ) 

V r w 



but 

whence also u = 



u = ^y and ^ = f^^-^ , 



/.-I 
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hence t = ?lt^, 



and therefore ^ = 



r — t? 



PQ r-u 

_ 2 (/Lt — 1) r — /w 

~ 2{fM-l)r-2r 

"2/^-4" 2' 

11. Describe the human eye as an optical instniment. 
When a pencil of rays is refracted through the eye, at what 
point of its passage does it experience its principal modification 
of form ; and what is the most probable hypothesis in regard 
to the change of configuration of the eye by which it adjusts 
itself to distinct vision at different distances? 

An eye is placed elose to a sphere of glass, a portion of the 
surface of which, most remote from the eye, is silvered : prove 
that, assuming eight inches to be the least distance of distinct 
vision, the eye cannot see a distinct image of itself unless the 
diameter of the sphere be at least ten inches in length. 

Let A (fig. 47) be the position of the eye, B of the silvered 
portion of the sphere, Q of the image of the eye after reflect 
tion of rays at -B, and (^ of the image of Q after the refraction 
of rays into the air. Let AB = 2r, BQ = m, AQ'==v. 

Then 



also 





h^ 


1 2 




u- 


=1'-, 


AQ = 


ir: 


2 

3t?" 


1-1 

r 


^^ 




1_ 

V 


1 
2r 


^l- 


5 
'8r' 


V = 


5 • 







Hence vision will be indistinct unless v be at least equal to 
8 inches: hence, the least value of 2r, for distinct vision, is 
10 inches. 
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Thuesday, Jan. 8. 9 to 12. 



1. Enunciate and prove Newton^s fourtli Lemma. 
Apply this Lemma to shew that the volume of a right cone 

is one third of that of the cylinder on the same base and of the 
same altitude. 

Let the triangle AB<} (fig. 48), and the rectangle CD gene- 
rate by revolution round A C the cone and cylinder. 

Let P, Q^ be two points near each other; then the volume 
generated by the rectangle FN is equal to 

and that generated by Pn is equal to 

w{QN^-'P]iP).AM 

^ir.[QN+PM).mn.AiL 

But MN: mn = AM: PM:, 

therefore the ratio of these volumes 

= PMx[QN'\'PM) 

= 1 ; 2, ultimately, when P and Q coincide. 

Hence, by Lemmas III. and IV., the volumes generated 
by the triaaagles ADB^ ACB^ are in the ratio 2:1, and there- 
fore the volumes of the cone and cylinder are in the ratio 
l:a. 

2. Enunciate Lemma XL, and prove it when the subtenses 
are paralleL 

H 
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An arc of continuous curvature PQQ^ is bisected in Q\ 
PTis the tangent at P; shew that ultimately, as Q approaches 
P, the angle Q FT is bisected by QR 

Draw QTj QT^ parallel subtenses; produce TQ to meet 
PQ' in R^ and join PQ. Then, by the Lemma, 

QT\ QTv.PT'iPT*^ ultimately, 

::(arcP(2y:(arcP(?)« 

::4: 1. 

But QT : RTv.PT : PT:\ PQ : P^, ultimately, 

::2:1; 

therefore BT=2QTy RQ^TQi 

also PR : PTx : PQ : PT : : 1 : 1, ultimately ; 

therefore PR : PT: : ^ Q : TQ, ultimately ; 

or, ultimately, TPR is bisected by PQ. 

4. State and prove Proposition I. 

Will the velocity of the body or the rate at which areas 
are swept out about the centre of force be affected by any 
sudden change in the law of force? 

A body moves in a parabola about a centre of force in the 
vertex; shew that the time of moving from any point to the 
vertex varies as the cube of the distance of the point from the 
axis of the parabola. 

Let A (fig. 49) be the vertex of the parabola, P any point 
in it, and T the point in which the tangent parallel to AP 
me^ts the axis; then the time from Pto -4 

oc curvilinear area APQ 

Qc parallelogram PT 

acATxPD 



oc AT^, since PIf = U.8.QV, 

ocAN^ 

oc Pi^. 
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6., If any number of bodies revolve in ellipses about ^a 
.common centre, and .the centripetal force varies inversely as 
the square of the distance ; the squares of the periodic itimes 
are proportional to the cubes of the major axeeu 

A particle moves in an ellipse about ithe centre of force 
in the focus 8: when .the partide is at .£[, the extremity of 
the minor axis, the centre of force is changed to 8' in 
,/S5, so .that S'B is one-fifth of SB, and tthe absolute force is 
diminished to one-eighth of its original value ; shew that the 
periodic time is unaltered, and that ithe new minor axis is two- 
jfifths of the old. 

Let Ihe accenfted symbols denote 'the elements of the 
?new orbit. Then, since the velocity of the particle is ui>- 
.cfianged, 



2fi' 
^ 8'B' 

ttherefore the particle will coBi'imie to describe an ellipse. 

p _Ai /lO __1_\ 



therefore A' C ^^ -tt- j 



AC 
2 



or the new major axis is one-half of the old. 

h2 
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Again, by the proposition, 

AC" 

F^_ III _f^Ac;^__ i_ 

and therefore the periodic time is unaltered. 

^ 27rAC.BC ^ttA'C'.B'C ^ttACBC 
Hence ^ = j-. = ^, , 

or B'G':BC::2h':h. 

But fi : h :: perpendicular from 8' on the tangent : perpen- 
dicular from /g, that is, as ^. to 1 ; 

therefore B'C : BC :: f : 1. 

7. Define the term, "zenith" and explain some method for 
determining the zenith of a given observatory. 

How would an increase in the Earth's velocity of rotation 
affect the latitude of a given place^ supposing the form of the 
Earth to remain unaltered? 

The latitude of a given place i» the angular distance of the 
zenith of the place from the equator. 

Now an alteration in the velocity of rotation of the earth 
would alter the direction of the vertical at any place, and there- 
fore, altering the position of the zenith, would alter the latitude. 
An increase in the velocity of rotation would cause an increase 
of the latitude of a given place. 

8. What conditions must be satisfied in order that the 
transit instrument may be in accurate adjustment? 

Shew how, by aid of this instrument, the difference in right 
ascension of two stars may be determined ; and state the prin- 
cipal astronomical assumptions on which the truth of this deter- 
mination depends. 

The principal assumptions made are that the Earth revolves 
uniformly about an axis which is fixed in direction, and that 
the stars are fixed relatively to each other. 
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9. Explain the phrases " mean solar time" and " equation of 
time". 

Shew that in the month of February the equation of time is 
additive. 

Account for the fact that the time of the Sun's setting as 
given in the ordinary Almanacs is not the latest on the longest 
day? 

The equation of time due to eccentricity can be shewn to 
be additive from perigee to apogee, i.e. from the beginning of 
January to the beginning of June. 

The equation of time due to obliquity can be proved to be 
additive from a Solstice to an Equinox, and therefore from 
Dec. 21 to March 21. Therefore the effect due to both causes 
is additive in February, and therefore the total equation of 
time is then additive. 

The time of the Sun's setting is given in the ordinary 
Almanacs in mean time, and therefore, as at the longest day 
the daily increment of the equation of time is greater than the 
daily decrement in the Sun's declination, it follows that the 
mean time of the Sun's setting is not greatest when the true 
time is so, that is, on the longest day. 

10. Prove that generally the apparent place of a star will 
depend upon the ratio of the velocity of the Earth in her orbit 
to the velocity of light. 

Find the least diurnal velocity of rotation of the Earth, 
which will render sensible to an observer at the equator the 
aberration due to this cause, the least appreciable angle being 
1". 

The greatest value of the aberration 

velocity of the earth . .. /. . , 

= — i — vf- — ^,. ,, X the unit of circular measure : 

velocity 01 light ' 

therefore, if ^irx be the least angle of diurnal rotation required 

27raj . 4000 180' 



1": 



24 X 60 X 60 X 190000 ' 
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taking 4000 miles as the radins of the Earili, and 190000 miles 
per second as the velocity of light ; 

2 X a; X 4 X 18 



therefore 1 = - 



24 X 19 ' 



J 3 X 19 „, 

and aj-:r~^_ = 3i; 

or the earth must revolve rather more than three times as fast 
as it does at present. 

11. Describe the apparent motion- of the Moon among the 
stars, and the real motion of its centre of gravity about the 
Sun, illustrating the latter description by a figure. 

What is inferred from the fact that, wiA slight variations, 
the same portion- of the Moon's surface is always presented to 
the Earth? How much should the Moon's rate of rotation 
about its centre of gravity be increased,, in order Aat its whole 
surface might be seen in the course of one orbital revolution? 

It will be easily seen, that, if the moon's axis be supposed 
at rest, the unseen portion of its surface would be presented to 
the eye by a half-rotation, that is, by a rotation through 180 
degrees. If then, in the course of an orbital revolution, the 
Moon were to rotate on its axis through 540°, instead of 360°, 
the wshole of its surface would be seen. The rate of rotation 
should therefore be increased in the ratio 3 : 2. 

12. Explaiii< the method of determining the longitude by 
means of Lunar' Distances. 

On January 1st 1855, at the mean time 9 hrs. 42 min. 8 sees. 
P.M., the distance of or Arietis from the Moon's centre was 
calculated from observations to be 45° 30' 16" : at noon and at 
3 p.m. Greenwich mean time, the di&tances are 44° 56' 11", and 
46° 23' 39" respectively : find the longitude of the place of obser- 
vation. 

Subtracting 44° 56' 11" from 46° 23' 39" it appears that the 
Moon's distance increases by 1°27'28" or 5248" in 3Jiours. 

Also 45° 30' 16" - 44° 56' 11" = 34' 5" = 2045". 
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Therefore the time from noon, at Greenwich, at which the Moon's 
2045 
5248 



2045 
distance is 45° 30' 16" = — — x 3 hours, or 1 hr. 10 min. 8 J sec. 



very nearly. 

The difference of the times at the two places, when the 
Moon's centre is. at the same distance from the star, is there- 
fore 8 hrs. 31' 59^", and multiplying by 15, this gives the 
difference of longitudes, 127° 59' 52 1" ; and, the time being later, 
the place of observation is East of Greenwich. 
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Monday, Jan. 19. 9 to 12. 



I. DfePTNE a couple, and find Ae condition that two couples 
acting on a body in the same plane may hold it in equilibrium. 

Find the moment of the couple which is sufficient to sustain 
a right cone, with its vertex on a rough plane of given inclina- 
tion and its base parallel to the plane; the roughness of the 
plane being, just sufficient to* prevent the vertex from sliding.. 

Let a be the inclination of the plane,. A the altitude of the* 
cone, W its weight, R the normal reaction of the plane,^ and 
fuR the friction. 

Let L be the moment of the couple sufficient to sustain the 
cone on the required position; then the cone will be held in 
equilibrium by the couple L and the forces TT, 5, /ajB. HencCy 
taking moments about the vertex of the cone, and resolving 
the equilibrating forces parallel and perpendicular to the plane, 
we have 





i + Tr.jAsina = 0, 




irsina-/A5 = 0, 




IFcosa- .5 = 0; 


therefore 


tana = /i, 


and 


i = -^Asma.Tr. 



3. A heavy string of uniform density and thickness is 
suspended from two given points j find the equation of the 
curve in which the string hangs when it is at rest. 

Compare the curvatures at the lowest points of two cate- 
naries formed by an inextensible and by an extensible stringy 
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the tension at the lowest point of each catenary being t, and 
the modulus of elasticity w. 

In the catenary formed by the inextensible string, If m be 
the mass of a unit of length, t + 8^ the tension at each extremity 
of the lowest element of the string, Ss the length of the element, 
and 80 the angle between the normals at its extremities, we 
have, resolving vertically, 

2 (t + Bt) sin — = mffSs ; 

and therefore, if c be the curvature at the lowest point, 

_d0 __ mg 

ds T 

Similarly, If fi be the mass of a unit of length of the stretched 
string, and c' the curvature, at the lowest point, 

T 

But, if /A be the mass of a unit of length of the string before 
it is stretched, and 8cr the length of the element which is 
stretched into Ba' by the tension t, we have 

So' - Be _ T ^ 

;5 



and 



w 



ii 
therefore /* = , 

to 



and 



C = 

w 



Hence c : c :: m 



(-3 



and, if the mass of a unit of length of the inextensible string 
be the same as that of the extensible before it is stretched, 



1 + ^ 

w 
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4. A particle of mass m describes a plane curve under the 
action of forces of which the components parallel to the tangent 
and normal are m.7 and m.N: shew that 

^'di^' ^"pKdt)' 

If be the angle which the tangent at any point of the 
path makes with a fixed line, the differential equation of the 
path will be 

From the proposition 
or N^ = f*V- 

.1. r <i fxr<^\ A (d8\*dt 

therefore _^i^_j = _y _ 

_^d*8 

which, being a relation not involving ^, is the differential equation 
to the path. 

6. A heavy particle, suspended from a fixed point by an 
elastic string, makes vertical oscillations in a medium of which 
the resistance varies as the square of the velocity : determine 
the velocity of the particle for any position, neglecting the 
weight of the string and supposing the motion to commence 
when the string is unstr^tched, and the particle to have no 
initial velocity. 

Deduce the greatest extension of the string, supposing the 
motion to take place in a vacuum. 

If a be the unstretched length of the string, w the modulus 
of elasticity of the string, Jc the coefficient of resbtance of 
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the medium, m the mass of the particle, r the tension of the 
string, and x the extension at the time f, the ei^uation of motion 
of the descending particle will be 

but ? = I, 

and therefore the equation of motion becomes 

d^x , da^ w X 
dv df m a ^ 

dx 
Multiply by 28*** -j- , and integrate ; then 






ma \k 2Ar/ k 



At the conmiencement of motion, a: = 0^ -r = 0, therefore 

ma ' 2A'* k^ 

, da? _ff. tp _ tffx ^ .JVas ( ^ 9\ 

*^^ d?'"i'*'2^^"iJ^"'^ V2^i^"*"i>'' 

whence the greatest extension will be found by putting -7- = 0, 
that is, from the equation 

2amkg[l - e'^) -- 2kwx -^ w {I -- e"^ ) _ ^ . . 

The value of x for a vacuum will be obtained by finding the 
limiting form of this equation when jfc = 0. 

Now, differentiating the numerator and denominator twice 
with respect to i, and then putting 4 = 0, (1) becomes 

Sam^jx—Atva? 

hence a; = 0, or x = 2 -^.a, 

' to ' 

which is the greatest extension of the string in a vacuum. 
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6. Two particles connected by a stretched inextensible string 
are constrained to move in a fine curvilinear tube in a vertical 
plane : determine the motion. 

If the tube be cycloidal, the axis of the cycloid being vertical 
and the vertex upwards; shew that the tension of the string 
is constant throughout the motion. 

Let T be the tension of the string supposed stretched 
throughout, I its length, m, m'j the masses of the particles 
P and Pj xy^ xy\ the coordinates of P and P respectively, the 
axis of the cycloid being taken as the axis of a?, and the vertex 
being the origin. 

Then the equations of motion of P and F are 

'"^="^^+^- (^)' 

, d^s , dx ^ .. 

'"^='"^^-^ ^')' 

and s' -8=^1 (3); 

therefore, multiplying (1) by w', (2) by tw, and subtracting, 
we get, by virtue of (3), 

But, since the curve is a cycloid, 

,, p dx 28 dx' 28 

therefore, _ = _,_=_, 

and y^_«m> 2.(«V-£) 

m + m a ^ 

^ m I , 
m + m a ^' 

= constant. 



8. A body floats in a fluid : determine the position of Its 
metacentre with reference to a vertical plane of displacement 
dividing the body symmetrically through its centre of gravity. 
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A cylindrical diving bell is suspended with its axis vertical 
at a depth such that the water rises half way up the bell: 
find the least distance of the centre of gravity of the bell 
from the centre of its upper surface, consistent with the con- 
dition that the equilibrium may be stable with reference to 
an angular displacement of the axis. 

Let C (fig. '50) be the centre of the upper surface of the bell, 
CD the axis of the bell, O the centre of gravity of the bell, 
which must be in CD since CD is vertical ; and let H be the 
centre of gravity of the fluid displaced. 

Suppose the bell slightly displaced, as directed by the 
question ; then the common surface of the water and air within 
the bell will still be horizontal, and the volume of water dis- 
placed will be unaltered; and therefore, the direction of the 
resultant of the fluid pressure will be vertical, and will pass 
through a point m in the axis of the bell, such that 

where A1^ is the moment of inertia of the transverse circular 
section of the bell about a diameter, and V is, half the volume 
of the bell. 

The forces now acting on the bell are all vertical, viz. — 

W the weight of the bell, through O^ 

W fluid, the volume of which = ^ that of the 

bell, through w, 

T .... tension of the rope= W- W\ at 0; 
therefore,, for stable equilibrium, W. C0> W\mC^ 

>W.{mH + HC)] 

now, if a be the radius of the* bell, 2 J its height, 

, ^ Ak' iTra* a» 

we nave Hm = —=7- = ^— gr = -n ; 

V irab ib ' 
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therefore the condition for stability is that 



W.CG>W 



'U'^2)' 



and the required least distance = -™ . — jr — • 

9. A small pencil of rays is incident obliquely on a plane 
refracting surface; find the positions of the primary and 
secondary foci of the refracted pencil. 

J£ the pencil consist of conunon light, shew that the primary 
foci of the pencils of different colours will lie on a curve of 
the third order. 

Let the intersection of the primary plane with the refracting 
surface be taken as the axis of ^, (fig. 51), and the normal to the 
surface through the point of incidence A as the axis of x] 
and let AM=ay Am = Xj MQ^hj mq^^^y. 

Employing the usual notation, we have 

/i cos*^^ cos'^ 



u 



■=o (1), 



Hence, substituting for /a its value from the relation sin ^ = /a sin ^'„ • 

2, sin 6 aj^, 

V, cos © = —. — Y, w cos <p : 
* sm^ 

^T_ i? s W" COS*0 a V* COS*<^' 

^therefore t?/ . — r--r = vr . -^ — r-^ , 

* u^iTLfp v^ sm9 ' 

:and'thexequired locus is 
;a curve of the third order. 
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Monday, Jan. 19. 1^ to 4. 



3. Prove that the base of Napier's system of logarithms is 
incommensurable. 

Prove also that it cannot be a root of a quadratic equation 
the coefficients of which are rational. 

Take any quadratic 

aa? — ca? + 6 = 0, 

where a is a positive integer, and &, c, integers, either positive 
or negative. 

Assume that a; = e : then 

ne + he"^ = c, 
whence 

Multiplying both sides by 1.2.3... ti, we find 

/A being an integer. 

But we can always make± positive, by taking n even 

in 1.2.3.. .72, when h is negative, and odd, when h is positive. 

If w be exceedingly great, the left-hand member of the 
equation, being an exceedingly small positive quantity, will 
lie between and 1, while the right-hand member is integral.^ 
which is impossible. Hence the truth of the proposition i« 
established. 

Liouville: Journal de Mathhnattquesj tome cinquifeme, p. 192. 
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4. Prove that impossible roots enter rational equations by 
pairs. 

If e''^^'^^ be a root of the equation 

prove that 

Pj sina+2>a sin2a+^g sin3a+...+2?„ sinwa = 0* 

Dividing the proposed equation by a?**, and then putting 
^*f{r-^) for x^ we have 

1 + p^e*^^-^' ^-p/^''^-'^ -\'p^e^''-'' + . .,+p^e^'^-'' = 0, 

1 +p^ {cosa — \/(- 1) sin a} -^P^ {cos2a- ^J[— 1) sin2a} 

+^3{cos3a — \/(— 1) sin 3a} -i-...+^„{cosna- \/(— 1) sinwa) = 0, 

and therefore, equating the impossible terms to zero, we have 

p^ sina+^g sin2a+Pg sin3a + .«.4-i?„ 8in7ia = 0. 

7. Shew that the equations 

aj = asec^, y = 6tan0, 

represent an hyperbola, and give a geometrical interpretation 
of the angle ^. 

If P, Q^ be points in the one, and P, Q\ in the other of 
two confocal hyperbolas, and if the values of at P*, (>'? l>® 
respectively equal to those at P, Q; prove that PQ is equal 
to FQ. 

Let the coordinates of P, Q^ be, respectively, 

fa sec^l (a sec^] ^ 
jitan^j' jitan^J' 

and those of P', $', respectively, 

Ja sec^l [a sec^] 

(i'tan^j' |j' tan 1^1' 
Then 

PQ"" = {a sec<^ - a! seci|r)'' -f (J tan^ - J' tanf )', 

P'^ = (a sec^ - a' sec<^)* + (6 tan^ - 5' tan<^)*^ 
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and therefore 

PQ^ - P' G^ = a* (sec'^^ - sec» + ^'^ (sec* i|r - sec'<^) 

+ h^ (tan-* i\> - tan» + V' [isn'^r - tan'c^) 

= {a'+h') (tan> - tan'^) + {a"+b") (tan* f - tan'c^), 

whence, since a* + J^ = a^ + J''^, we have 

P(2'«~P'(2^ = 0, PQ'^FQ. 

8. State Napier's rules for the solution of right-angled 
spherical triangles, and prove them for the case in which the 
complement of the hypotenuse is the middle part. 

If three arcs of great circles AP^ BQ^ CR^ intersect at right 
angles the sides P(7, GA^ ABj in P, $, P, respectively, prove 
that they all pass through the same point 0, and that 

tan^P tanP^ tanCP 
tan OP' tanO^' tan OP' 

are respectively equal to 

^ , cosu4 cos;P cos (7 



cosP.cosC cosO.cosJ.' cosJl.cosP' 

Let the arcs PQ, CP, (fig. 52) intersect AP in 0', 0, re- 
spectively. 

_ singP.cotOPP 
~ cos PC 

_ tan-4P.cot(7.cotP 
■" ^^^BC ' 

- — TTyT = tanP tan (7 cosP(7: 
tan OP 

but coB-4 = — cosP cos H- sinP sin O cosPO, 

1 H t5 7y= tanP tanO cosPO: 

cosxjcosG 

, tan-4P ^ cosuil 

hence - — Tns = 1 + 



tan OP cosP.cosO' 
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Interchanging B^ (7, and writing 0' for 0, 
tan^P _ cos^ 



tan (yP cos (7. cos jB * 

Hence 0' coincides with 0. 

9. Find the polar equation of the tangent at a point of the 
conic section 

- = l + ecos^. 
r 

Find the polar equation of the straight line through the foot 
of the directrix perpendicular to the tangent, and shew that 
the locus of its intersection with the radius vector at the point 
of contact is a circle. 

Let - = A COS0 + B smO he the equation of the straight line 

required; then, since it is perpendicular to the tangent, the 
equation of which is 

- = e cos^ + cos(^ — a) = (6 + cosa) cos^-f sina sin^, 

we must have 

A{e + cosa) + B sina = 0. 

Also, since it passes through the foot of the directrix, the coor- 
dinates of which are f - , j , 



j^__6(e + cosa) 



therefore 

fiina 

and the equation is 

- = - — {sin(a — ^) — e sin^l. 
r sma ^ ^ ' J 

At the point of intersection of this line with the radius vector 
of the point of contact, ^ = a ; and therefore 

c 
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Tfie point of intersection is therefore on the other side of the 
focus and at a constant distance from it. 



11. Shew that through any point of the aurface 

2! _ ?! - ?? 

two straight lines can he drawn, entirely coincident with the 
surface* 

Prove that the points on the surface, the straight lines 
through which, coincident with the surface, are at right angles 
to each other, lie in a plane parallel to the plane yz^ and at 
a distance from it equal to 

2a 
If the straight line 

x — OL_y — P_Z' 



I m n 

lie wholly in the given surface, we must have 



m^ ny I 




(A); 



whence I : m : n :: a l± j-—-) : ±h : c^ 



. giving two sets of values for the ratios of the direction cosines. 
The two lines thus determined are therefore at right angles if 



-«"(f-?)-*"+<^=«' 



or, from the third of the equations (A), if 



2a 



12 
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12. Investigate the positions of the centric circular sections 
of an ellipsoid. 

If 0^ 0, be the inclinations of the normal of a centric plane 
section of the ellipsoid 

^(r»-^) + ?« + ^*&+7^) = ^ 

to the normals of the planes of the circular sections, find the 
equation of the trace of the plane of the section on the plane 
of zx. 

Generally, the equation of the plane centric sections of an 

ellipsoid 

X y z 

'-4.i^'' «■ 

In the present case, 

and therefore * 2l2 = :s = 72 2 • 

Hence the equation (1) becomes 

x±z-0 (2)- 

Let the equation of the required plane be 

fo + wy + n« = (3). 

Then, by the question, 

? + n = \/2 .cos^, Z — n = V2.cos0, 
and therefore the equation of the required trace is 

fo; + n« = = (cos^ + cos<^) X + (cos^ - cos<^) «, 
or (« + ^) cos^ = [z — x) oos(f}. 
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2. Explain the nature of the difficulty which prevents the 
formation of a completely achromatic combination of lenses. 

A pencil of light is refracted, centrically, and with small 
obliquity, through two thin lenses in contact; find the condi- 
tion of achromatism. If such a combination be used as a 
microscope, determine which of the lenses has the greater dis- 
persive power. 

The position of the geometrical focus of a pencil refracted 
through the two lenses is given by tie equation 

and the condition of achromatism is 






or -_! 4- _> = • 

hence f^ and j^ are of contrary signs. 

K the combination be used as a microscope, 

v> u and therefore - < - ; 
V w 

therefore 7"*'7^^7(l'"~) is negative. 
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OT, 



Let j^ refer to the convex lens ; then 1 ^ is positive and 

therefore ^a>^i, i*e. the concave lens has the greater disper- 
sive power. 

5. A particle, acted upon by given forces, moves on a given 
smooth smface; shew how to determine its motion, and the 
pressure on the surface. 

If the surface be a smooth cone, placed with its axis vertical 
and vertex downwards, and if gravity be the only force acting, 
shew that the differential equation of the projection on the hori- 
zontal plane of the path o£ the particle, is 

d'u . 2 ^sinacosa 

where u is the reciprocal of the distance of the particle 
from the axis, the angle between this distance and a fixed 
vertical plane, h constant, and a the semi-vertical angle of the 
cone. 

Let P (fig. 53) be the portion of the particle at the time f, 
PN=rj its distance from the axis, ON=Zj and let be the 
angle between the planes ONP^ ONA, 

Then, if PG be the normal at P, lGPN=: a, and the equa- 
tions of motion are 

d\ fd0\' R 



© 



dt^ \dt) m 

u d9 J 

d'z' B . 

^j = — sma- g. 

dt^ m ^ ^ 

Also « ss: r cota. 

Eliminating B from the first and third of the above equa- 
tions, and taking account of the second and fourth, we get 

d'r . . A» 

-rs — sm a . -« = — 7 sma cosa. 

dr r "^ 
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But, if 


1 
" = «' 


dr dr h , du 

Jt-dd?-~^Te' 


and therefore 




h* d*u ,, , rf'» 
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Hence, by substituting for -j^ and reducing, the given equa- 
tion is at once obtained. 

7. Investigate the equations of fluid motion, referred to" 
rectangular axes. 

An elastic fluid, not acted upon by any impressed forces, 
flows imiformly through a cylindrical tube ; compare the pres- 
sures of the fluid for two different velocities, and hence explain 
the following experiment. 

To one end of a tube is fitted a plane disc which is capable 
of sliding on wires projecting from the end of the tube in 
directions parallel to the axis : if the disc be placed at a small 
distance from the end, and a person blow steadily into the 
other end, the disc will remain nearly stationary. 

Assuming the motion in the cylindrical tube to be rectilinear, 
the equation of steady motion is 

dv ^ 1 ^ __ ^ ^P 
dx p' dx p' dx^ 

where x is the distance from a fixed point in the axis of a 
section of the tube, k a constant, and v the velocity of the 
particles of fluid passing through the section. 

Hence '<^-^ogp = C-'-; 

and, \i p^p when v = v\ 

p — sT- 

P 

it appears from this equation that if t? be increased, p is dimi- 
nished. The pressure of atmospheric air in motion is therefore 
less than that of the same air at rest, if the change caused by 
variations of temperature, consequent on motion, be neglected. 
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This explains, in the experiment detailed, the apparent 
anomaly that the disc is not driven off by blowing through the 
tube. In general the disc will oscillate slightly about a position 
near the end of the tube. 

The experiment may be performed easily by fastening a 
straw with sealing-wax to a piece of cardboard having a small 
hole in it. If a piece of paper be placed over the hole and the 
experimenter blow through the straw, the paper will bend so 
as to allow the egress of the air, but will not be detached from 
the card. 

10. Assuming the following equation for determining tie 
Moon's longitude, 

find the term of the second order, in the expression for ^, of 
which the period is one year. 

Considering only the effect of this term, and assuming 
e'—-^ and sinm7r = ^, find approximately in minutes the dif- 
ference between the greatest and least periodic times of the 
Moon, 

The value of obtained from the given equation is 

=pt — 3iwe' sin [mpt + )8 — f ) ; 

therefore -3- =^ {1 — 3mV cos(mpf + )8 — f )}. 

Hence the greatest angular velocity of the Moon =^(1 + 3m*e'), 

least =^(l-3mV). 

Therefore, considering these angular velocities constant for a 
month, we shall have 

the longest month = — . g » = — (1 + 3wV), nearly, 

the shortest = x^ . ^ .^ ;, = — (1 -3wV), ; 

P (1 + 3we) p ^ '' ' 
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and the required difference = wV ; 

but — = a mean month = 28 days, say ; 

therefore tie difference = 6x28x24x60xt^Xi^x^ minutes 

6 X 28 X 24 . ^ 

-. minutes 

169 

= 23 minutes nearly. 
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3. Shew that the values of a?, which render 4>[x)^ 9. con- 
tiDuous function of a?, a maximum or a minimum, are given by 
the condition that ^' [x) for such values, vanishes or is infinite ; 
and shew how to distinguish between a maximum and a mini- 
mum. 

Determine in each case the sign of (l>"{x) for values of x 
very nearly equal to those which make (l>'{x) infinite. 

If <f>[x) be a maximum when a; = a, and if ^'(a) = oo, it is 
clear, since <l>'{x) is positive for values of x less than a and 
negative for values greater than a, that <!>' {x) increases to + oo , 
as X increases to a, and, when x is greater than a, increases 
from — Qo: therefore 4>"[x) is positive for values of x nearly 
equal to a. 

And similarly, if <f>{a) be a minimum when aj = a, ^'(a) 
being infinite, ^"(a) is negative for such values. 

The figures (54, 55) will illustrate these two cases ; for, if 
y = ^(^x) be the equation of a curve, it is clear that, in the first 
figure, tanPTb, i.e. <l>' {x)^ increases algebraically, as x increases, 
on each side of the point A^ and that the reverse is the case in 
the other figure. 

4. Give some definition of an asymptote of a curve, and 
employ it to shew how to determine the asymptotes of polar 
curves. 

If the equation of the curve be 
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shew that there may be as many asymptotes as there are 
unequal roots of the equation f[d) = : and that, if a be one 
of these roots, the equation of the corresponding asymptote 
will be 

u=f'{a) sin (5 — a). 

Let a be a single root of the equation f{6) = : then a will 
not satisfy the limiting equation jT (^) = 0, and therefore -wr^ 
cannot be infinite. 

But — >; .^v is the length of the subtangent at the point 

w, 0: therefore, when 6 = a. since w = and >,-7-\ is finite, the 

/ (a) 
radius vector is infinite, and the subtangent is finite, and the 
value a for corresponds to an asymptote. Hence to every 
unequal root of f{0) = belongs an asymptote of the curve 

But, if a were one of two or more equal roots of f{0) = 0, 

/'(a) would be zero, and therefore jrr-r would be infinite, i.e, 

the subtangent would be infinite, or there would be no asymp- 
tote. 

Therefore there can be no more asymptotes to the curve, 
t*=/(^), than there are unequal roots oi f(0) =0. Since diffe- 
rent roots may give the same direction and the same subtangent, 
we cannot say that there must be, but only that there may be, 
as many asymptotes as there are unequal roots. 

5. Find the magnitude and position of the circle which has 
the closest possible contact with the curve y=f{x) at a given 
point; and shew that it generally cuts the curve at the point. 

Prove that the chord of curvature, parallel to the axis of «, 
of the curve 

y - 

sec- = £* 
a 

is constant, and that 
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approximately represents tie evolute of this curve for the part 
near the origin. 

The length of the chord of curvature parallel to the axis 
of X is 

^_dy ^ \ A<fe/J dx 



V^\dx)\dx 



Now if sec-=e^ 

a ' 

tan^.sec^.-^ = e^, 
a a ax 

or :^ = cot^; 

ax a' 

therefore :t4 = — .cosec'- -^ , 

dx a a ax 



\ aj dx 



and the len&:th of the chord = 2 i 

^ 1 a^r dv 

a a dx 

= 2a, a constant. 

Let f , »;, be the coordinates of the centre of curvature and 
c this chord. Then 

^ c c dx 

or f = aj + a, i7 = y — atan- 



1/ 

3 a"' 



neglecting powers of - above the third. 
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Therefore, near the origin, 

y* = — Za^ri^ a? = f — a ; 

X 

and substituting in sec- = e*, we get 



m- 



X'tt 



which therefore represents tie evolute for the part near the 
origin. 

6. Investigate the analytical conditions for the existence 
of multiple points in a curve of which the equation is m = 0, 
u being a rational fiinction of x and y; and shew how tie 
degree of multiplicity may be determined. 

Prove that, if 

^ "^ ^ " ^' 

at a double point, the coordinates of which are a;, y, the two 
branches of the curve are at right angles to each other; and 
that, if the point be the origin, the equation of the tangents 
to the branches will be 

f , i;, being current coordinates of the tangent. 

At a double point the values of -^ are given by the equation 

\dx) ^ (K\ dx'^Wu~^' 
and therefore, if ^,, ^„ be the directions of the two tangents 

tan5,.tan^, = ^ 

df 

, .„ d*u d*u . 
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which is the condition that the two branches may be at right 
angles. 

The equation of the two tangents through the origin is 
{V - tan5, . f) (17- tan^, • f) = 0, 
or n"- (tan^^ + tan^Jfiy + tan^, tan^.f = (1) ; 

dscdti 
but tan5, tan^, = - !> tan^, + tan^, = - 2 -55* : 

whence (1) becomes 

8. Find the equation of the locus of tangent lines at a point 
(a?, y, z) of a surface, the equation of which is u =/(a:, y, z) = 0. 

Common tangent planes are drawn to the ellipsoids 
Q? i/ s? , a;' y* «' 
a* ^ y c' " ^ a'* ^ J" ^ c* "■ ' 

shew that the perpendicidars upon them from the origin lie in 
the surface of the cone 

The equation of the tangent plane at the point i^yz) of the 
first surface, is 

which may be transformed into 

where Z, m, w, are the direction-cosines of the normal. 
If this be also a tangent plane of the second surface, 

Z V + Tn"}? + nV = Z V + rn^V^ + nV». 

But, if (a?, y, «) be the coordinates of a point in the perpen- 
dicular on the plane from the origin, 

aj _ y _ 
I m n'^ 

and therefore (a* - a'^) a^ + ( J'* - 6'*) y» -f (c»-O0« = O. 
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9. Shew how to integrate the equation 

P and Q being functions of x. 

The normal at a point P of a curve meets the axis of x 
in Q^ and the locus of the middle point of PQ is the parabola 
y^ — lx] find the equation of the curve, supposing it to pass 
through the origin. 

K be the origin, and {xy) the coordinates of P; then 

00 (fig. 56)=aj + y-T^, and the coordinates of the middle 

point of PG are 

Hence ^ = ^(2a.+2,|), 

dx I 

X 

therefore ^ = 4Z (a? + Z) + C^ ; 

and, since the curve passes through the origin, 

o=4r+a 

Hence tlie equation is 

y^ = 4Z(a? + Z-7£"'). 

10. Prove that the differential equation of the surfaces 
generated by a straight line which passes through the axis 
of z and through a given curve, and which makes a constant 
angle a with the axis of z^ is 

Let %=y = t-L 

be the equations of one of the generating lines, Z, tw, w, being 
its direction-cosines: then 

n = cosa, and Z' + m* = sin'a. 
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From the above equations 
m 



m n 



and if ^=Mi ^ = -^ fi) 

we have y = fiXj z = y'\-x cota (1 4- /a*)*. 

Hence, eliminating a?, y, and z between these equations and the 
equations of the curve, we obtain 

but /^ = -j 7 = «— y ic = « — cota (oj' + y')*; 

therefore ;? - cot a (a?^ + y')* =/ [^] . 

Differentiating this equation with respect to x and y separately, 
the function may be eliminated and the result will be the given 
equation. 
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1. One plane curve rolls on another, the planes of the 
two curves coinciding, and their convexities being opposed to 
each other : if r, ?•', are the radii of curvature of the fixed and 
rolling curves respectively, at their point of contact, p the dis- 
tance of any point Pan the moving plane from the point of 
contact, a the angle between p and the common normal to the 
two curves, prove tliat the corresponding radius of curvature 
of P's path is equal to 

1 1 
r r 



1 1 cos a 

- + -, 

r r p 



Shew also that the directions of motion of all the points in the 
moving plane, fixed relatively to the rolling curve, which at 
any instant are going through points of inflection in their 
respective paths, pass through a single point. 

Let A (fig. 57) be the point of contact of the fixed and 
rolling curves at any instant: let AB be an elementary arc 
of the rolling curve, each point of which, during the next 
element of time, comes into contact with a corresponding point 
of the elementary arc AB' of the fixed curve. Let A'P be 
the new position of the line AP^ fixed in the rolling area, at 
the end of the element of time: let be the intersection of 
AP, A'P. 
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Produce P-4, F'B\ to meet in C. Then, since -4, B\ are 
respectively motionless, at the beginning and at the end of the 
element of time, CPy CP'j are normals at the ends P, P', of 
the elementary arc PP', Draw AM at right angles to CP. 
Let the arc AB=c = AB'. 

Now the angle between the normals at A^ 5, of the rolling 

curve, is equal to - , and that between the normals at -4, P', 

of the fixed curve is equal to -, . Hence, while rolling takes 

place from A to P', every line, fixed relatively to the rolling 

c c 
curve, revolves through an angle - + ~ : hence 

LPOF = l + l., 
r T 

and therefore, OP being normal to PP^ 

PP = OP g + f ) = p g + J) , ultimately. 
Again, by similar triangles, 



CP 


PP' 


CA- 


AM' 


CP 


PF 


AP~ 


PP - AM 



and therefore 

But, a being ultimately the inclination of CB' to the normal 
at P', 

AM = c cosa: 



hence — — — : : , 



\r T J 



and therefore CP, the radius of curvature of P's path, is equal to 



1 1 

T T 



1 1 cosa 
r r' p 
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An expression for the radius of curvature of P's path, sub- 
stantially the same as this, is given in Jullien's ProhUmes de 
MScanigue Battonelle^ torn. I, p. 184. 

At a point of inflection of P's path, CP = oo : hence 

rr 

P = 7 COSOL 

or the locus of a point of inflection is a circle of which the 
diameter AB is normal to the fixed or rolling curve at A 

rr' 
and is equal to , , the motion of P being in the direc- 

tion BP. 

6. A free rigid body, the mass of which is tw, is at rest: 
its moments of inertia about the principal axes through its 
centre of gravity are -4, 5, G\ supposing the body to be struck 
by an impulsive force B through its centre of gravity, and by 
an impulsive couple (r, prove that it will revolve for an instant 
about an axis, the velocity of which is in the direction of its 
length and is equal to 

L.X M.Y N.Z 
A,m B,m Cm 






X, F, Z, being the components of R^ and 1/, M^ N, of Gj along 
the principal axes. 

If d be the inclination of ^s direction to the spcmtaneous 
axis, prove that 

L.X M.Y N.Z 
„ A.B^ B.R'^ C.R 

See Walton's Mechanical Problems^ Second Edition, p. 519. 
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1. If a = 0, ^ = 0, 7 = 0, be the equations of the sides of 
a triangle, shew that the equation of a conic touching the sides 
of the triangle is 

If a = 0, /8 = 0, 7 = 0, 

«+^^7^o, ^ + f + 5^ = o, ^ + ? + ^ = o, 

«t \ ^1 % \ <^2 «8 K «8 

be the equations of the sides of a hexagon which circumscribes 
a conic, shew that 

a, (J,c, - cj>,) 4- a, (b.c^ - cj?;) + a, {b^c^ - o,JJ = 0. 

If the line 

a c 
touch the conic 

(Za)* + (7n/9)H(n7)* = 0, 

the equation which results from combining them, must be the 
equation of two coincident lines. Hence the left-hand side of 
the equation 

{(Za)*+(m/9)*}»4:nga4-|/8) = 
must be a complete square in a and ^; therefore 

u + n-j fm-f-n7J = Zm, 
and Za + wi + wc = 0. 
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Now the three sides of the hexagon a = 0, /8 = 0, 7 = 0, touch - 

the conic 

(ia)*+{m/8)i + (n7)i = 0; 

and that the other three sides 

«i K ^1 «2 K <^£ «« h ^» 

also may touch it, we must have 

la^ 4 mij + nc^ = 0, 

la^ + wJj + nCg = 0, 

^3 + mJg + wCg = ; 
whence, eliminating ?, wi, w, by cross multiplication, we obtain 

as the necessary condition. 

2. Transform the triple integral 1 1 1 /(a, /8, 7) dad/Sdy into 
one in which a?, y, «, are the independent variables, having given 

K ax = yZj I3y = zxj yz = xt/j 

shew that 

The formula for the transformation of the given triple 
integral is, (Todhunter's Integral Galcultts^ p. 245 et seq»), 

jjj/{a,fi,y)dad^dy 

d/3 /dy doL da dy\ 
dx \dy ' dz dy ' dz) 

dy/da dj^^d^ ^\\^ ^ d 
dx \dy ' dz dy'dzj) ^ ' 
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Now, In the given example, 



therefore 



X ' 




7=?, 


da yz 
d^'^'lc^' 


da z 
dy x^ 


da y 
dz~ x' 


d/3 _ z 
dx" y' 


rf/3 zx 


dp X 
dz- y' 


dy y 

dx z' 


dy X 

5- -.' 


&i _ xy ^ 
dz~ li" 



whence, substituting, we obtain 

////(«, -8, 7) dad^d^ = 4 \j^f{^-l , ^ , f ) da^dydz. 

3, Shew how to integrate the equation of differences, 

where ji?^, ^2, ..-i?^, are independent of a;. 
Shew that a solution of the equation 

is included in that of 
and IS consequently 

where a is one of the imaginary (n + 1)*^ roots of unity, the 
w -I- 1 constants being subject to an equation of condition. 

In the equation 
change x into a; + 1 : then 
subtracting (1) from (2), we have 

«x+n•^a^f«.l-^a:+l (^«^^+l " ^ J = « (^x+n+1 - %\ 
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Hence a solution of the equation (1) is included in that of 

«^+i-«. = (3), 

the auxiliary equation of which is 

and, if a be one of the imaginary roots of this auxiliary equa- 
tion, since the remaining roots may be put into the forms 

„2 ^3 ^4 ^n+1 

OC 9 01 , OC , ... OC , 

the solution of (3) will be 

«, = (7.«'+C,a«+...+ (7„^a<-''' (4). 

But, since the integral of the equation (I) can contain only n 
constants, the w + 1 constants of (4) will be subject to the equa- 
tion of condition amongst the constants, which arises from sub- 
stituting the values of w^, w^, ... w^, derived from (4), in 

4. Shew how to find the differential equation of a class of 
surfaces, which cuts at right angles all the surfaces represented 
by the equation 

f{x, y, z, a) = 0, 

where a is an arbitrary parameter. 

If the class of surfaces have an envelope, shew how we 
may find it without solving the differential equation. 

The equation of condition in this case is 

l+PI>' + qq=0 (1), 

where p\ q'j are the partial differential coefficients of q found 
from the equation 

f{x,y,z,a) = (2), 

and p^ J, are similar partial differential coefficients in the class 
of surfaces of which the differential equation is sought. 

Now the equation (1) will generally contain the parameter a, 
by eliminating which between the equations (1) and (2), we 
obtain the differential equation sought. 

Suppose, for example, we obtain from the equation (1) 

a = F{x,y,z,p,q)', 
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then the required differential equation will be 

If the class of surfaces represented by the general integral 
of the differential equation have an envelope, its equation will 
be the singular solution of the differential equation, and there- 
fore will be found by eliminating p and q between the equations 

y-O' $-"' l=»- 

5. Disturbances are excited In the air contained in a cylin- 
drical tube of given length by a plate vibrating isochronously 
at one end, the other end being closed: assuming expressions 
for the velocity and condensation at any point, find the time 
of vibration, in order that a musical note may be produced; 
and determine the. points in the tube at which openings may 
be made without affecting the pitch. 

Supposing a vibrating plate also at the closed end, how 
must the time of vibration of the first plate be modified, and 
how must the times of vibration of the two plates be related, 
that musical notes may be produced? 

In the first part of the question the time of vibration is 
determined from the condition that at the closed end there is 
no velocity, or that the closed end corresponds with a nodcj 
whilst at the vibrating end there is a loop. 

If there be a vibrating plate also at the closed end, there 
must be a loop there instead of a node ; and therefore the time of 
vibration of the first plate must be modified to satisfy this con- 
dition ; i.e. J if I be the length of the tube and v be the velocity 

of sound, the time of vibration must be - . - , where n is some 

integer. So, the tim« of vibration of the second plate must be 
given by the same formula, and if the two plates vibrate in 

times obtained by giving any integral value to n in - . - , 
musical notes will be produced. 
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Friday, Jan. 23, 1^ to 4. 



1. Investigate formulae for the determination of the um- 
bilici of surfaces. 

Prove that the radius of normal curvature of the surface 
xyz = a' at an umbilicus is equal to the distance of the umbilicus 
from the origin of coordinates. 

The formulae for the determination of the umbilici of surfaces, 
given in Gregory's Solid Oeometry^ p. 264, second edition, are 

= V + ~{Vv' -Ww' -Uu') 

P being defined by the relation 

Taking the equation xyz = a", we have 

TJ^yz^ V=zXj W=xy'y 
u = Oy v = 0, 1/7 = 0; 

u = a;, V = y, w' = z. 

Hence ?= _ I!? = - ^^ = _ ^ 

p X y z 

--?!-- ^* - a' 

whence also x^ = y^ = z^ ; and therefore, by the equation to the 
surface, 

u;^ = / = ^« = a^ 
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Hence 



P 

— = — a, 

P 



But P» = yV + «V + iry 

= 3a*: 

pa 

hence p* = — = Sa\ 

But since, at an umbilicus, a;* = y* = «* = a*, 3a* is equal to 
the square of the distance of an umbilicus from the origin of 
coordinates. Hence the proposition is established. 

2. Integrate the equations. 

d^u cPu cPu (Tu __ ^ V 

^ ^ ^ " ^ "^ ^ ^cd^ " ^"^ ^^^' 

w^j.sinaj^ — w^.sin(a;-|-l) ^ = cos(a?— 1) ^ — cos(3a; + l) ^...(2); 

and find a general value of <f>{x) from the equation 

(j) [rri^x) — [a + b) (j) (thx) + ab(f) {x) = cx (3). 

(1) The equation may be written 
therefore u = - (1) "^ _ /^y ^ ^ j.f ' "^^ 

= — ^ — + complementary ftinction. 

The complementary function is best obtained by a different 
arrangement of the operating symbols : thus 
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therefore 

\(d d^ (dSX\ (d d d\-^^, 

(- —\ 

= ^ (y - a^j « - a;) + X (y - ^) « + a^)? 

which is therefore the complementary function. 

By changing the forms of the operating fiinctions, apparently 
different results may perhaps be obtained, but it will be found 
that all such results are identically the same when proper 
account is taken of the complementary function. 

(2) Since 

cos(ir- 1) ^- cos3 (a;+ 1) ^ = 2 sin2a;^ . sin(ic + 1) ^ 

= 4 sina?^ sin(a; + 1) Q cosa;^, 
the equation may be put in the form 

. ,^^^\v^ - -^^ = 4.cosa?(?; 
sin(a;+l)^ smica ' 

therefore -v^^ = 4.2'. cosa?^ 



sm 



(f-% 



= '• i ' ^0- 



sin- 



(3) Let ^ = ^i, ^^^ ^^"^^mJ 

therefore u^^ — mu^ = 0, 

and w,= aw* =ar, 
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the equation then becomes 

or if <^W=v., 

or, according to the usual notation, 

(2>-a)(I>-J)v, = cam'. 

Hence v. = 7 tt tS + -4 .a* + JS.i*. 

* [m — a) [m — 0) 

But «logm = log-, 

and log{«")=^.loga = ^log@; 



therefore 



and ^ (a;) = v = -^ ^^ j. + (7.aJ°»«« 4 C'.a^*>»-\ 

It must be observed that the constants here involved are 
'Finite Difference' constants; thus, a, -4, -B, do not change 
when is changed into « + !• 

3. State and prove the principle of Vis Viva, and describe 
the different kinds of forces which do not appear in the equation 
of Vis Viva. 

A circular wire ring, carrying a small bead, lies on a smooth 
horizontal table ; an elastic thread, the natural length of which 
is less than the diameter of the ring, has one end attached to 
the bead and the other to a point in the wire; the bead is 
placed initially so that the thread coincides very nearly with 
a diameter of the ring ; find the Vis Viva of the system when 
the string has contracted to its natural length. 

Let A be the point of the ring to which the thread is 
fastened, and P the position of the bead at any time during 
the motion. 
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The forces acting horizontally on the ring, are the tension 
( T) at -4 and the action at P in direction of its centre ; and 
the forces acting on the bead are the tension at P, and the 
reaction at P. 

The virtual velocities of the action and reaction at P are 
clearly equal and opposite, but the displacement of the bead 
resolved in the direction AP consists of two parts, one the same 
as the displacement of A resolved in that direction, and the 
other due to the contraction of the thread, and, relative to -4, 
in the direction of the tension at P. The resultant "virtual 
moment" of the tensions in the system is therefore T (the con- 
traction of the thread), and the Vis Viva therefore, if -4P=r, 

= 2 f T{^dr) 

J c 

=■ — .1 (r—a)ar 
« J« 

= -.(c-a), 

where c is the diameter of the ring, a the natural length of the 
thread, and w the modulus of elasticity. 

4. If F be a given function of a, y, -^ , ^, ... find the 

conditions that I Vdx^ between given limits, may be a maximum 

or minimum. 

When a particle is attracted towards a fixed centre of force 
and moves in the brachistochrone, prove that the area described 
round the centre of force varies as the " action." 

Let r, 0, be the polar coordinates of the path of the particle, 
and V its velocity at any time t. Then the time of describing 
any arc is equal to 

ndr^ + r'de'f ^ r/ ^,d0\^ dr 

J V J\ dr^J ' V ' 

Now v is a function of r: thus, under the integral sign, the 

only unconnected variables are r and -j- : hence, the path being 
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brachlstochronous, we know by the Calculus of Variations, that 
the differential coefficient of 



1 / , dff'X 

miiO'f 1 

dr 



with regard to -^ must be constant, that is, that 



,dd 





^•^ 


= consttuit, 








r'dff 
vds 


= constant ; 


e 


jr'dd oc jvds 




ocA>V<, 


is, the 


area varies as the action.* 



6. Define the potential function F, and shew that, at any 
point (a?, y, «), external to the attracting mass, it satisfies the 
equation 

d'V d'V d'V 
dx' "^ rf/ '^ dz-" "^^ 

Hence prove that, if S be any closed surfacd to which all 
the attracting mass is external, dS an element of 8^ and dn 
an element of the normal drawn outwards at dS^ 



\\\ 



'^.^5=0, 



\dn 
the integral being taken throughout the whole surface 8. 



• For this rider as well as for the rider to the first question of the after- 
noon's paper of January 22, the Junior Moderator is indebted to Mr. K. L. 
Ellis, of Trinity College. 
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If dxdydz be an element of the space within the closed 

d^V d^V d^V 
surface, it follows, since the equation -j-^ + -^ + -^ = 

holds for all points within the surface, that 

The transformation of this equation, which is here required, is 
given by Professor Stokes in the Cambridge and Dublin Mathe- 
matical Journal^ Vol. IV. p. 201. 

7. Assuming the formulas 

la + m^ + wy = 0, 
I m n 



investigate the equation of the wave-surface in a biaxal crystal. 

Prove that the direction of the vibration at any point of 
this surface coincides with the projection of the distance of the 
point from the centre of the surface upon the tangent plane 
at the point. 

In the investigation of the equation of the wave-surface 
(see Griffin's Treatise on DovhU Refra^ction) we establish the 
formula 

^^a^ ,,«_J« v*^_c" 

whence 

v"-r* t;*-r* v^-r^ 

Hence the formulae 

I m __ 71 

give us the relations 



X 



-_JL__ 



a {f--a^) "■ /8 if^W) "" 7 {f^c') ' 
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and therefore 

vl — x _^ vm — y ^vn — z 

which formulsB, vlj vw, vn, being the coordinates of the end of 
the perpendicular v from the origin on the tangent plane, 
establish the truth of the proposition. 

Stenarmont : Liouville^ Journal de Ma^himatiques^ tome YIIL 
p. 372. ann^e, 1843. 
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Tuesday, Jan, 6. 9—12. 

1. Parallelograms upon the same base, and between the same pa- 
rallels, are equal to one another. 

AjBC is an isosceles triangle, of which A is the vertex: AB, AC, 
are bisected in 2) and H respectively ; BEj CD, intersect in F: shew that 
the triangle ADE is equal to three times the triangle DEF, 

2. In any triangle, the square on the side subtending either of the 
acute angles is less than the sum of the squares on the sides including this 
angle, by twice the rectangle contained by either of these sides, and the 
straight line intercepted between the acute angle and the perpendicular 
drawn to this side, produced if necessary, from the opposite angular 
point 

The base of a triangle is given and is bisected by the centre of a given 
circle, the circumference of which is the locus of the vertex : prove that the 
sum of the squares on the two sides of the triangle is invariable. 

3. The opposite angles of any quadrilateral figure inscribed in a circle 
are together equal to two right angles. 

Prove also that the sum of the angles in the four segments of the circle 
exterior to the quadrilateral is equal to six right angles. 

4. Inscribe a circle in a given triangle. 

Circles are inscribed in the two triangles formed by drawing a perpen- 
dicular from an angle of a triangle upon the opposite side, and analogous 
circles are described in relation to the two other like perpendiculars : prove 
that the sum of the diameters of the six circles together with the sum of the 

L 
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sides of the original triangle is equal to twice the sum of the three perpen- 
diculars. 

5. Similar triangles are to one another in the duplicate ratio of their 
homologous sides. 

Any two straight lines, BB', CC, drawn parallel to the base DD" of a 
triangle ADjy, cut AD in B, C, and AI> in B, C'\ BC\ B'C, are joined: 
prove that the area ABC or ABC varies as the rectangle contained by 
BB,CC\ 

6. If two parallel planes be cut by another plane, their common sections 
with it are parallel. 

A triangular pyramid stands on an equilateral base, and the angles at the 
vertex are right angles ; shew that the sum of the perpendiculars on the 
faces from any point of the base is constant. 

7. SP is the focal distance, PT the tangent, and PO the normal of any 
point P of a parabola : state the characteristic property of the tangent, and 
shew that SP^^'ST^SO, and that the subnormal of P is equal to the semi- 
latus rectum. 

If the triangle SPO is equilateral, prove that SP is equal to the latus 
rectum. 

If the ordinate of a point P bisects the subnormal of a point P', prove 
that the ordinate of P is equal to the normal of P'. 

8. Prove that, in the parabola, Sy" = SP. SA, 

A circle is described on the latus rectum as diameter, and a common tan- 
gent QP is drawn to it and the parabola : shew that SP, SQ, make equal 
angles with the latus rectum. 

9. Prove that the focal distances of any point of an ellipse make equal 
angles with the tangent at the point. 

PO 18 the normal to an ellipse, terminating in the major axis ; the circle, 
of which PO is SL diameter, cuts SP, HP, in K, L, respectively : prove that 
KL is bisected by PO, and is perpendicular to it. 

10. The perpendiculars from the foci of an ellipse upon the tangent meet 
the tangent in the circumference of a circle. 

Prove also that if from ^ a line be drawn parallel to SP, it will meet 
the perpendicular SY in the circumference of a circle, ' 

11. If tangents be drawn at the vertices of the axes of an hyperbola, the 
diagonals of the rectangle so formed are asymptotes to the four curves. 

Prove that a perpendicular, drawn from the focus of an hyperbola to 
the asymptote, will intersect it in the directrix. 

12. Shew that all sections of a right cone, made by planes parallel to 
a tangent plane of the cone, are parabolas, and that the foci lie on a cone 
having with the first a common vertex and axis. 
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Tuesday, Jan. 6. li...4. 

1. The imperial gallon contains 277*27 cubic inches, and a cubic foot 
of water at its maximum density weighs 62*42 lbs.; find the weight of a 
pint of water correctly to two places of decimals. 

2. Supposing the cost of digging a trench to vary as the depth to 
which it is sunk and the quantity of earth taken out, and that the cost 
of digging a trench 3 feet broad by 8 feet deep is 9 pence per yard, 
what should be the cost of digging a trench 120 yards long, 5 feet broad, 
and 10 feet deep ? 

3. Define a fraction; and from your definition prove a rule for adding 
together two fractions with different denominators. 

Add together the fractions, 

a* -he h* - ca c* - ah 

{a + 6) (a + c) ' (b + c) (6 + a) * (c + a) (c -f 6) * 

4. l^rove a rule for extracting the square root of a compound alge- 
braical quantity. 

Shew that, if ^4 ^ ax" ^^ bj^ -^ ex ^ d 

be a complete square, the coefficients satisfy the equation 

c^-a*d=0. 
Is it necessary that the coefficients satisfy any other equation ? 

5. Solve the equations, 

5(-i)-l('-l)*j(— 9=» ■'• <■) 

(«-l){a:-2)(a:-3)-(6-l)(6-2)(6-3)=0 (2) 

ic + y m 

m x-y ^ 

x-y m 1 ^ 

^ + +- = 

m X Jty p 

6. Find the number of permutations of n things taken r together. 

If the number of permutations of n things taken r together be denoted 
by the symbol 

up , 

shew that the number of such permutations, in which p particular things 
occur, will be 

7. Define a logarithm, and find log(3125. 

Prove that logaiV*= log«6.1og3iV; and, having given log^o2 = *301030 

and logjo7 = -845098, find log„98, and \o^^^^[^. 



..(3). 
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8. Define the sine of an angle, and prove from your definition that 
for all values of numerically less than w, 8in(9r-^) = sin^. 

Trace the variation in sign of the expression cos (tt sin 6?). cos (w cos ^), 

as varies from to -* 

9. Find an expression for all the angles which have the same sine. 
Hence, if sin 3^ be given, find the number of values of tan^ which will 
be generally obtained; and illustrate the result geometrically. 

10. Prove the formula- 

co8(-4 -£) = cos A . cos^ + sin -4 . sin^, 

A being greater than JB, and each angle less than 90°. 

Also shew that 
coso + cos^ + C0S7 + cos(a + ^ + 7) = 4 cos J (^ 4- 7).cos|(7 + a).cos K« + fi)t 

and 

sina + 2 sin 3a + sin da _ sin 3a 
sin 3a + 2 sin 5a + sin 7a sin 5a * 

11. Determine the expression for the cosine of an angle of a triangle 
in terms of the sides, and deduce the expression for the sine. 

If and be the greatest and least angles of a triangle, the sides of 
which are in arithmetic progression, prove that 

4 (1 - COS^) (1 - COS0) = COS^ + COS0. 

12. A quadrilateral can be inscribed in a circle; find the tangent of 
half of one of its angles in terms of its sides. If a circle can be inscribed 
in the quadrilateral, shew that the fourth root of the product of its sides 
is a mean proportional between its semi -perimeter and the radius of the 
inscribed circle. 



Wednesday, Jan, 7. 9... 12. 

1. Assuming that the resultant of two forces, acting at a point, is repre- 
sented in direction by the diagonal of a parallelogram, the sides of which 
represent the forces in direction and magnitude; shew that the diagonal 
will also represent the resultant in magnitude. 

Shew that within a quadrilateral, no two sides of which are parallel, 
there is but one point, at which forces, acting towards the corners and 
proportional to the distances of the point from them, can be in equilibrium. 

2. Shew that if three forces acting in one plane hold a body in equi- 
librium, they either pass through a point or are parallel to each other. 

A heavy equilateral triangle, hung up on a smooth peg by a string 
the ends of which are attached to two of its angular points, rests with 
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one of its sides vertical; shew that the length of the string is double the 
altitude of the triangle. 

3. Find the relation of the Power to the Weight in the single moveable 
pully, when the strings are not parallel. 

An endless string hangs at rest over two pegs in the same horizontal 
plane, with a heavy pully in each festoon of the string ; if the weight of 
one pully be double that of the other, shew that the angle between the 
portions of the upper festoon must be greater than 120°. 

4. Find the ratio of the Power to the Weight in the Wheel and Axle, 
in order that there may be equilibrium. 

Explain the meaning of the terms 'mechanical advantage* and *effi- 
ciency*, as applied to machines; and shew that, in the Wheel and Axle, 
what is gained in power is lost in velocity. 

5. Define the centre of gravity of a heavy body; and determine the 
position of the centre of gravity of a pyramid on a triangular base. 

Find the centre of gravity of the solid included between two right 
cones on the same base, the vertex of one cone being within the other; 
and determine its limiting position if the vertices approach to coincidence. 

6. State the laws of friction ; and explain what is meant by the term 
'coefficient of friction'. 

A uniform rod is held at a given inclination to a rough horizontal table 
by a string attached to one of its ends, the other end resting on the table ; 
find the greatest angle at which the string can be inclined to the vertical 
without causing the end of the rod to slide along the table. 

7. Define uniform motion and uniformly accelerated motion, and ex- 
plain how they are measured. 

If/ be the measure of a uniform acceleration, when t minutes and a feet 
are taken as the units of time and space, and f the measure of the same 
acceleration, when a' feet are taken as the unit of space, find the number of 
minutes in the unit of time. 

8. State the second law of motion ; and apply it to prove that a force, of 
uniform intensity and direction, acting on a given particle originally at rest, 
produces a uniform acceleration of its motion. 

State the convention with respect to units which is necessary, in order 
that the equation P = Mf may represent the relation between the numerical 
measures of force, mass and acceleration ; and supposing the unit of force to 
be 5 lbs. and the unit of acceleration, referred to a foot and a second as 
units, to be 3, find the unit of mass. 

9. An elastic ball -4, moving with a given velocity on a smooth hori- 
zontal plane, impinges directly on a ball JB of the same radius, at rest; 
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determine the velocity of each after the impact, indicating at what points of 
your reasoning any law of motion or other result of experiment is assumed. 
Shew that, if JB afterwards impinge perpendicularly on a smooth wall, 
the original distance of which from the nearest point of B is given, the 
time, which elapses between the first and second impact of the balls, will 
be independent of their radius. 

10. Shew that a particle, projected in any direction not vertical, and 
acted upon by gravity only, will describe a parabola. 

An inclined plane passes through the point of projection ; find the con- 
dition that the particle may impinge perpendicularly on the plane ; and, in 
that case, shew that its range on the plane is equal to 

20* sin a 
ff 'l-i-3sin*a' 

where v is the velocity of projection, and a the inclination of the plane 
to the horizon. 

11. Two given weights are connected by an inextensible string, which 
passes over a smooth pully; determine the motion of each weight and 
the tension of the string. 

The system being initially at rest, find the weight which, let fall at the 
beginning of the motion from a point vertically above the ascending weight, 
so as to impinge upon it, will instantaneously reduce the system to rest. 
Will the system afterwards remain at rest ? 

12. A seconds pendulum is carried to the top of a mountain 3000 feet 
high ; assuming that the force of gravity varies inversely as the square of 
the distance from the Earth's centre, and that the Earth's radius is 4000 
miles, find the number of oscillations lost in a day. 

Also determine how much the pendulum must be shortened in order 
that it may oscillate seconds on the mountain. 



Wednesday, Jan. 7. H...4. 

1. Give the meanings of the several symbols which are employed in 
the formula p = gpz. 

If one second be the unit of time, what must be the unit of length, in 
order that the above formida may give the pressure in pounds, supposing 
the unit of volume of the standard substance to weigh 16 lbs. P 

2. Prove that the pressure of a fluid on any surface is equal to the 
weight of a column of the fluid, the base of which is equal to the area 
of the surface, and altitude equal to the depth of the centre of gravity 
of the surface below the surface of the fluid. 
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The inclinations of the axis of a submerged solid cylinder to the vertical 
in two different positions are complementary to each other; P is the diffe- 
rence between the pressures on the two ends in the one, and P in the 
other position : prove that the weight of the displaced fluid is equal to 

(P* + P'*)K 

3. Describe an experiment to shew that the pressure of a given mass 
of air at a given temperature varies as its density. How is this ratio to be 
modified when the temperature, as well as the density, varies ? 

A volume of air of any magnitude, free from the action of force, and 
of variable temperature, is at rest : if the temperatures at a series of points 
within it be in arithmetical progression, prove that the densities at these 
points are in harmonical progression. 

4. A body of given volume is immersed totally in a given fluid; find 
the magnitude and direction of the resultant fluid pressure. 

A body is floating in a fluid; a hollow vessel is inverted over it and 
depressed: what effect will be produced in the position of the body, (1) 
with reference to the surface of the fluid within the vessel, (2) with re- 
ference to the surface of thet fluid outside ? 

5. Describe the Diving Bell, and find the volume of the air in the 
bell at any depth below the surface. 

If P be the weight of the bell, P' of a mass of water the bulk of which 
is equal to that of the material of the bell, and JF of a mass of water the 
bulk of which is equal to that of the interior of the bell, prove that, sup- 
posing the bell to be too light to sink without force, it will be in a position 
of unstable equilibrium, if pushed down until the pressure of the enclosed 
air is to that of the atmosphere as W to P - JP*. 

6. Explain the principle of the common Barometer. Given the pressure 
of the air at a given time on a square inch, shew how to find the height in 
inches of the barometric column. 

Why is the rising or falling of a barometer generally an , indication 
of coming fair or foul weather ? Why is a sudden fall a sign of a coming 
gale? 

7. Find the geometrical focus (1) of a pencil of rays incident directly 
upon a plane refracting surface, and (2) of a pencil of incident directly 
upon a refracting plate. 

A ray, passing through a point Q, is incident upon a refracting plate ; 
q is the intersection of the emergent ray, produced backwards, with the 
normal to the plate through Q: if the angle of incidence be equal to 
tan'*^, and t be the thickness of the plate, prove that 

u*- 1 
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8. A ray of light passes through a prism in a plane perpendicular to 
its edge : shew that, if and yjr he the angles of incidence and emergence 
and i the refracting angle of the prism, the deviation is equal to 

± Y^ - *, or ylr - (/) - t, 

according as the incident ray makes an acute angle with the face of the 
prism towards the thicker end or the edge. Under what convention will 
these expressions for the deviation be all represented by + Y^ - i , and 
with this convention for what value of will 3^ change sign ? 

9. Explain the formation of an image by reflection, and find the mag- 
nitude and position of the image of a given object placed before a plane 
mirror. 

The faces of two walls of a room, meeting at right angles, are covered 
with plane mirrors : shew that a person will be able to see but one com- 
plete image of himself in either wall. 

10. A diverging pencil of rays is incident directly upon a concave 
spherical refractor : find the geometrical focus of the refracted pencil. 

A short object is placed perpendicularly on the axis of the refractor, 

/ 
and at a distance from it equal to - , / being the focal length : prove that 

the linear magnitude of the virtual image is half that of the object. 

11. Describe the human eye as an optical instrument. When a pencil 
of rays is refracted through the eye, at what point of its passage does it 
e^tperience its principal modification of form; and what is the most pro- 
bable hypothesis in regard to the change of configuration of the eye by 
which it adjusts itself to distinct vision at different distances? 

An eye is placed close to a sphere of glass, a portion of the surface of 
which, most remote from the eye, is silvered: prove that, assuming eight 
inches to be the least distance of distinct vision, the eye cannot see a 
distinct image of itself unless the diameter of the sphere be at least ten 
inches in length. 

12. Describe Galileo's telescope, and trace a pencil of rays through it. 

State what would be the effect on the image — 

(1) of increasing the size of the object-glass^ , i^ , 

J2) „ focal length ) eye-glass unaltered; 

(3) „ size of the eye-glass 1 , . ^ , ^^ ■, 
)/^ 1. , , .1 > object-glass unaltered, 

(4) „ focal length j j o 



Thursday, Jan. 8. 9... 12. 

1. Enunciate and prove Newton's fourth Lemma. 
Apply this Lemma to shew that the volume of a right cone is one 
third of that of the cylinder on the same base and of the same altitude. 
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2. Enunciate Lemma XL, and prove it when the subtenses are 
parallel. 

An arc of continuous curvature PQQ'f is bisected in Q; PT is the 
tangent at P; shew that ultimately, as Q approaches P, the angle Q'PT 
is bisected by QP. 

3. Shew that, if a subtense be drawn from the extremity of an arc 
of finite curvature, in any direction, the chord of curvature parallel to 
that direction is the limit of the third proportional to the subtense and 
the arc. 

Hence find the chord of curvature through the focus at any point of 
an ellipse; and prove that half this chord is a harmonic mean between 
■the focal distances of the point. 

4. State and prove Proposition I. 

Will the velocity of the body or the rate at which areas are swept 
out about the centre of force be affected by any sudden change in the 
Jaw of force ? 

A body moves in a parabola about a centre of force in the vertex^ 
shew that the time of moving from any point to the vertex varies as 
the cube of the distance of the point from the axis of the parabola. 

5. A body is revolving in an ellipse, find the law of centripetal force 
tending to the centre of the ellipse. 

Shew that the time in which any given area will be swept out by 
the radius vector is independent of the eccentricity of the ellipse, if the 
area of the ellipse be given. 

6 If any number of bodies revolve in ellipses about a common 
centre, and the centripetal force varies inversely as the square of the 
distance; the squares of the periodic times are proportional to the cubes 
of the major axes. 

A particle moves in an ellipse about the centre of force in the focus 
S: when the particle is at B, the extremity of the minor axis, the centre 
of force is changed to S' in SB, so that 8'B is one-fifth of SB, and 
the absolute force is diminished to one-eighth of its original value ; shew 
that the periodic time is unaltered^ and that the new minor axis is 
two-fifths of the old. 

7. Define the term, " zenith" and explain some method for determining 
the zenith of a given observatory. 

How would an increase in the Earth's velocity of rotation affect the 
latitude of a given place, supposing the form of the Earth to remain 
unaltered ? 

M 
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8. What conditions must be satisfied in order that the transit in- 
strument may be in accurate adjustment? 

Shew how by aid of this instrument the difference in right ascension 
of two stars may be determined; and state the principal astronomical 
assumptions on which the truth of this determination depends. 

9. Explain the phrases "mean solar time" and "equation of time." 
Shew that in the month of February the equation of time is additive. 
Account for the fact that the time of the Sun's setting as given in 

the ordinary Almanacs is not the latest on the longest day. 

10. Prove that generally the apparent place of a star will depend 
upon the ratio of the velocity of the Earth in her orbit to the velocity 
of light. 

Find the least diurnal velocity of rotation of the Earth, which will 
render sensible to an observer at the equator the aberration due to this 
cause, the least appreciable angle being V, 

11. Describe the apparent motion of the Moon among the stars, and 
the real motion of its centre of gravity about the Sun, illustrating the 
latter description by a figure. 

What is inferred from the fact that, with slight variations, the same 
portion of the Moon's surface is always presented to the Earth? How 
much should the Moon's rate of rotation about its centre of gravity be 
increased, in order that its whole surface might be seen in the course of 
one orbital revolution ? 

12. Explain the method of determining the longitude by means of 
Lunar Distances. 

On January 1st 1855, at the mean time 91irs. 42min. 8 sees. P.M., 
the distance of a Arietis from the Moon's centre was calculated from 
observations to be 45® 30' 16": at noon and at 3 p.m. Greenwich mean 
time, the distances are 44® 66' 11", and 46" 23' 39" respectively: find the 
longitude of the place of observation. 



Thursday, Jan.S. 1...4. 

1. THiCfeE circles. A, JB, C, intersect in a common point, the other 
intersections of {3, C), (C, A), (A, 3), being, a, )3, 7, respectively. If 
5, c, be points in 3, C, respectively, such that 6, a, c, lie in a straight 
line, prove that a, the intersection of 67, cfi, produced, lies in the circle A. 

2. Shew that the sum of all the harmonic means, which can be inserted 
between all the pairs of numbers the sum of which is ft, is 
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3. Eliminate 9 between the equations 

- = cos^ + cos 2^, 
a 



a 

f = 8in^ + sin20. 
o 

4. From a point on a hill-side of constant inclination the angle of 
elevation of the top of an obelisk on its summit is observed to be a, 
and, a feet nearer to the top of the hill, to be )3; shew that, if A be 
the height of the obelisk, the inclination of the hill to the horizon will be 

.fa sinasiniSl 



cos 



5. Each of three circles, within the area of a triangle, touches the other 
two, touching also two sides of the triangle : if a be the distance between 
the points of contact of one of the sides, and b, c, be like distances on 
the other two sides, prove that the area of the triangle, of which the 
centres of the circles are the angular points, is equal to 

6. The acute angles, which the distances of two points of an ellipse 
from the same focus make with the respective tangents at the points, 
are Complementary to each other: prove that the square on the semi- 
axis minor is a mean proportional between the areas of the two triangles, 
of which the two points are the respective vertices, and the distance be- 
tween the foci the common base. 

Shew that the problem is impossible unless the axis minor is less than 
the distance between the foci. 

7. CP, CD, are two conjugate semi-diameters of an ellipse : ^ is a 
tangent parallel to PD : a straight line CIJ cuts at a given angle FD, Tt, 
in J, J, respectively : prove that the loci of /, J, are similar curves. 

8. A fine string ACBP, tied to the end ^ of a uniform rod AB of 
weight W, passes through a fixed ring at C, and also through a ring 
at ihe end B of the rod, the free end of the string supporting a weight 
P : if the system be in equilibrium, prove that 

ACxBCii2P^Wi W. 

9. A picture is hung up against a rough vertical wall by a string 
fastened to a point in its back, so that the picture inclines forwards ; apply 
the principle of the triangle of forces to find the inclination of the string 
to the wall, when its tension is the least possible. 

10. A lamina, cut into the form of an equilateral triangle, is hung 
up against a smooth vertical wall by means of a string attached to the 
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middle point of one side, so as to have a comer in contact with the 
wall; shew that, when there is equilibrium, the reaction of tlie wall and 
the tension of the string are independent of the length of the string, 
and that, if the string be beyond a certain length, equilibrium in such 
a position is impossible. 

11. A ball is projected from the middle point of one side of a billiard 
table, so as to strike in succession one of the sides adjacent to it, the 
side opposite to it, and a ball placed in the centre of the table; shew 
that, if a and b be the lengths of the sides of the table, and e the elasticity 
of the ball, the inclination of the direction of projection to the side a 
of the table from which it is projected must be 

\a 1 + tf J 



tan-' 



12. A perfectly elastic ball is projected at an inclination /3 to a plane 
inclined to the horizon at an angle a, so as to ascend it by bounds ; 
find the inclination to the plane at which the ball rises at the «*** rebound^ 
and shew that it will rise vertically if 

cot^=(2n ^ 1) tana. 

13. A string, charged with w + m + 1 equal weights fixed at equal 
intervals along it, and which would rest on a smooth inclined plane, 
with m of the weights hanging over the top, is placed on the plane 
with the (m + 1 )^ weight just over the top j shew that, if a be the distance 
between each two adjacent weights, the velocity which the string will 
have acquired, at the instant the last weight slips off the plane, will be 

{naff}K 

14. A perfectly elastic ball is projected with a given velocity from 
a point between two parallel walls, and returns to the point of projection, 
after being once reflected at each wall ; prove that its angle of projection 
is either of two complementary angles. 

15. A particle is attracted to one centre of force and repelled from 
another, both forces varjnng as the distance : prove that, if the absolute 
intensities of the forces are equal, the path of the particle is a parabola. 

16. When a body arrives at a point P of an elliptic orbit, which it 
is describing about one focus S, the centre of force is suddenly trans- 
ferred to the other focus H: supposing the orbit to remain the same 
as before, prove that, fi denoting the absolute force in the former, and 
ft' in the latter case, 

/i : /i' : : SP' : HP*. 
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17. A solid triangular prism, the faces of which include angles a, p, 7, 
is placed in any position entirely within an inelastic gravitating fluid: 
if P, Q, B, be the pressures on the three faces, which are respectively 
opposite to the angles a, py 7, prove that 

P coseca + Q co8ec)3 -h R cose<J7 
is invariable so long as the depth of the centre of gravity of the prism 
is unchanged. 

18. A heavy sphere is placed in a vertical cylinder, filled with atmo- 
spheric air, which it exactly fits. Find the density of the air in the 
cylinder when the sphere is in a position of permanent rest. 

19. A solid formed of two co-axial right cones, of the same vertical 
angle, connected at their vertices, is placed with one end in contact 
with the horizontal base of a vessel : water is then poured into the vessel ; 
shew that if the altitude of the upper cone be treble that of the lower, 
and the common density of the spindle four-sevenths that of the water, 
it will be upon the point of rising when the water reaches to the level 
of its upper end. 

20. A fish is floating in a cubical glass tank filled with water, with 
its head in one corner and its tail towards the one diagonally opposite; 
describe the appearance which will be presented to an eye looking to- 
wards the corner in the direction of the length of the fish, and in the 
same horizontal plane with it. 

21. Two rays emanate from a point in the circumference of a reflecting 
circle, in the plane of the circle : supposing that their rC^ points of incidence 
are coincident, prove that the angle between their original directions is any 
one of a series of n - 1 angles in arithmetical progression. 

22. A luminous globe falls from a point above the Earth's surface 
in a dark night: shew that it will look like a bright falling column, 
elongating as it descends. 

If Oj, c,, O3, be the lengths of the apparent column at the ends of times 
iv Ki hi ^^0^ the commencement of the fall, prove that, gravity being con- 
sidered constant, and the resistance of the air being neglected, 

Monday, Jan, 19. 9.. .12. 

1. Define a couple, and find the condition that two couples acting 
on a body in the same plane may hold it in equilibrium. 

Find the moment of the couple which is sufiicient to sustain a right 
cone, with its vertex on a rough plane of given inclination and its base 
parallel to the plane ; the roughness of the plane being just sufficient to 
prevent the vertex from sliding. 
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2. Assuming that any system of forces acting upon a rigid body may 
be reduced to a resultant force and a resultant couple, find the relation 
which must subsist among the forces that these resultants may be equi- 
valent to a single force. 

When this condition is satisfied, find the locus of a point in the body 
by fixing which the body will be held at rest. 

3. A heavy string of uniform density and thickness is suspended from 
two given points ; find the equation of the curve in which the string 
hangs when it is at rest. 

Compare the curvatures at the lowest points of two catenaries formed 
by an ineztensible and by an extensible string, the tension at the lowest 
point of each catenary being r, and the modulus of elasticity to. 

4. A particle of mass m describes a plane curve under the action of 
forces of which the components parallel to the tangent and normal are 
tn . T and m,Ni shew that 

If be the angle which the tangent at any point of the path makes 
with a fixed line, the differential equation of the path wiU be 



d8\ d^) 



221 



5. A heavy particle, suspended from a fixed point by an elastic string, 
makes vertical oscillations in a medium of which the resistance varies as 
the square of the velocity: determine the velocity of the particle for any 
position, neglecting the weight of the string and supposing the motion 
to commence when the string is unstretched, and the particle to have 
no initial velocity. 

Deduce the greatest extension of the string, supposing the motion to 
take place in a vacuum. 

6. Two particles connected by a stretched inextensible string are con- 
strained to move in a fine curvilinear tube in a vertical plane : determine 
the motion. 

If the tube be cycloidal, the axis of the cycloid being vertical and the 
vertex upwards; shew that the tension of the string is constant through- 
out the motion. 

7. Every point of a fluid at rest is acted upon by impressed forces 
the resultant of which always tends to a fixed centre: prove that at a 
point, the distance of which from the fixed centre Is r, 

dp = - pFdr, 
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where p is the pressure at the point, p the density, and F the resultant 
of the impressed forces, referred to a unit of mass. 

If the resultant force varies as r^, and the fluid be homogeneous and 
of given mass, shew that the pressure on a diametral plane varies as /)'**. 

8. A body floats in a fluid: determine the position of its metacentre 
with reference to a vertical plane of displacement dividing the body 
symmetrically through its centre of gravity. 

A cylindrical diving bell is suspended with its axis vertical at a depth 
such that the water rises half way up the bell: find the least distance 
of the centre of gravity of the bell from the centre of its upper surface, 
consistent with the condition that the equilibrium may be stable with 
reference to an angular displacement of the axis. 

9. A small pencil of rays is incident obliquely on a plane refracting 
surface; find the positions of the primary and secondary foci of the 
refracted pencil. 

If the pencil consists of common light, shew that the primary foci of 
the pencils of diflerent colours 'will lie on a curve of the third order. 

10. Obtain an equation for determining the equatoreal interval of a 
given wire and the mean wire of a transit instrument by observations on 
the transit of the pole star. 

Explain how the determination of this value for aU the wires enables 
an observer to find the time of transit across the mean wire, when the 
time across some of the wires is not noted. 

11. Describe Flamsteed's method of determining the position of the 
first point of Aries, mentioning the astronomical instruments required for 
the purpose. 

Monday, Jan. 19. 1J...4. 

1. Shew that, if 

-4 + J?x + (V +...= a + ft* + ex* +... 
for all values of x, and if the coefficients do not increase without limits 
-4 = a, jB = 5, C = c, &c. 
Find the sum of the series 

l* + 2* + 3*+...+ n*; 
and prove that, when n is indefinitely increased, 

2,»(r*):n«2,"(r«)::3:5. 

2. Expand (cos^/* in a series of cosines of multiples of ^, n being a 
positive integer. Hence deduce the expansion of (sin^)*" in a series of 
cosines of multiples of 0, 
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3. Prove that the base of Napier's system of logaxlthms is incom- 
mensurable. 

Prove also that it cannot be a root of a quadratic equation the coeffi- 
cients of which are rational. 

4. Prove that impossible roots enter rational equations by pairs. 
If 6«v<-i) be a root of the equation 

a:" + p^x"*'^ + p^x**^ + p^""^ +. ..+ ^„ = 0, 
pBTOve that 

jt?j sina +p^ 8in2a + p^ sin 3a +...-I- p„ sinna = 0. 

5. Describe Homer's method of approximating to the roots of equa- 
tions ; and apply it to find the cube root of 37 to four places of decimals. 

6. Find the expression for the distance of a given point from a straight 
line of which the equation is given. 

The distance of a point {x^, y^) from each of two straight lines, which 
pass through the origin of coordinates, is 6; prove that the two lines are 
represented by the equation 

(a?iy - ^lY ^ ^, 
a^' + y* 

7. Shew that the equations 

x^a sec0, y = 6 tan0, 

represent an hyperbola, and give a geometrical interpretation of the angle 0. 
If P, Q, be points in the one, and P', Q\ in the other of two confocal 
hyperbolas, and if the values of at P, Q, be respectively equal to those 
at P, Q; prove that PQ is equal to PQ. 

8. State Napier's rules for the solution of right-angled spherical triangles, 
and prove them for the case in which the complement of the hypotenuse is 
the middle part. 

If three arcs of great circles AP, BQ, CIt, intersect at right angles 
the sides BC, CA^ AB, in P, Q, P, respectiwly, prove that they all 
pass through the same point O, and that 

tan^P tanPQ tanCP 
tan OP ' tanOQ ' tanOiJ ' 

are respectively equal to 

cos -4 ^ cosP cosC 

cosP.cosC* cosCcos-4' cos -4. cos P* 

9. Find the polar equation of the tangent at a point of the conic 
section 

- = 1 + c cos^. 
r 
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Find the polar equation of the straight line through the foot of the 
directrix perpendicular to the tangent, and shew that the locus of its inter- 
section with the radius vector at the point of contact is a circle. 

10. The perpendicular from the origin on a plane is of given length 
and noakes given angles with the axes; find the equation of the plane. 

Find the equation of the plane which passes through the origin and 
through the line of intersection of the planes 

^x + jBy + 025 = 2), A'x ^By^ C'z = ZX; 
and determine the condition that it may bisect the angle between them. 

11. Shew that through any point of the surface 

y ' - ?! = ?f 
h* (^~ a/ 

two straight lines can be drawn, entirely coincident with the surface. 

Prove that the points on the surface, the straight lines through which, 

coincident with the surface, are at right angles to each other, lie in a plane 

parallel to the plane yz, and at a distance from it equal to 

2a ' 

12. Investigate the positions of the centric circular sections of an 
ellipsoid. 

If 0, <f>, be the inclinations of the normal of a centric plane section of 
the ellipsoid 

to the normals of the planes of the circular sections, find the equation of 
the trace of the plane of the section on the plane of zx, 

Tuesday, Jan. 20. 9... 12. 

1. Eliminate x, y, z, between the equations 

V z z X . X y 

-. + -=«, - + - = 6, - + i = c. 
2, y X z y X 

2. From a bag containing a counters, some of which are marked with 
numbers, h counters are to be drawn; and the drawer is to receive a number 
of shillings equal to the sura of the numbers on the counters which he 
draws ; if the sum of the numbers on all the counters be n, what will be 
the value of his chance ? 

3. O is the middle point of a given straight line AAi BOB is a 
straight line perpendicular to AA' \ P, P*, are two points in the plane of 
AA^ BB\ perpendiculars from B upon -4P, A'F^ cut AA^ in C, C, 
respectively: if 0(7, 00', be equal to each other and of given magnitude, 
prove that the distances of P, P', from BB are in a constant ratio. 

N 
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4. The foci of a given ellipse A Ke in an ellipse B, the extremities of 
a diameter of A being the foci of B : prove that the eccentricity of B varies 
as the diameter of A» 

5. C'lR the centre of an ellipse, O the foot of a normal at any point P, 
and O the corresponding centre of curvature : find the distance of P from 
the axis minor, in order that the area of COO may be the greatest possible. 

6. The comers of a leaf of a book are turned down so as to meet and to 
make the length of one crease always n times that of the other ; shew that 
each comer will describe a portion of the curve 

«•{!/• + {c-xyf = w« (c-ar)»(a:« + y«)», 
the outer edge of the leaf, the length of which is c, being taken as the axis 
of Xf and the lower edge as the axis of y, 

7. A heavy ring is suspended from a point by any number of equal 

strings attached to it symmetrically ; and another ring of the same weight 

but of smaller radius is in equilibrium when resting on the strings at their 

middle points ; if iS, r, be the radii of the rings and 2/ the length of each 

string, shew that 

41? - 812r 4 3r« - 3/* = 0. 

8. A thread without weight carrying a heavy bead has its extremities 
fastened to two points in the same vertical line ; if the bead and thread be 
made to revolve uniformly about this line with an angular velocity w ; shew 
that, when the bead is in equilibrium relatively to the thread, its distance 
below the horizontal plane midway between the points of attachment of the 
thread will be 

I. JL 

21 being the length of the thread, and 2a the distance between the points of 
attachment. 

9. A flexible chain, the ends of which are united, hangs over two pegs, 
in a horizontal line, in the form of two festoons ; if P, P', be the tensions at 
the vertices of the festoons, and a, a', the inclinations of the festoons to the 
horizon at either peg, prove that the weight of half the chain is equal to 

P tana + P tano'. 
Prove dso that the weight of a piece of the chain, equal in length to the 
distance between the vertices of the festoons, is equal to P^P. 

10. A triangular lamina has a small ring at each of its angular points, 
which slides on a smooth wire occupying the position of the circle circum- 
scribing the triangle ; determine the motion of the triangle when the ^ire is 
held in any position, and find the time of a small oscillation when the wire 
is so held that the triangle is nearly in its position of stable equilibrium. 
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11. SheWf by aid of the formula 

2 cot 2a; = cota: - tanar, 2 cosec2a; = cota: -f tana;, 
that if tanar = ai«^ «,«'+ a5«* + ..., 

then «»t* = i-2rhi*-2JTI*'-25Tl*'- ' 

1 2- la, 2«-lo, . 2*-l«, .^ 
•nd co8ecx = - + ^j-j-'« + gj— j^*? + ^^j-^«* + ... 

12. Circles are described upon the radii vectores of the loop of a lemnis- 
cate as diameters, passing through the pole ; find the locus of their ultimate 
intersections, and shew that its area is double that of the loop. 

13. A semicircular tube of very small bore containing an elastic string 
fastened to one of its extremities is revolving with a uniform angular 
velocity tv about a vertical axis through that extremity perpendicular to 
its plane, and the string in its stretched state subtends an angle a at 
the centre of the circle the radius of which is a; shew that, if the 
modulus of elasticity be the weight of a length I of the unstretched string, 

and /^ = 4a*w*cos*- the unstretched length of the string will be 

^ a, . TT + a 

2« COS - log tan . 

14. Two spheres, the molecules of which attract according to the law 
of the inverse square, were originally in contact; if fT, W\ W", be the 
labouring forces which have been expended in pushing them asunder 
in the line of their centres, when the distances between their centres are 
respectively o, a', a"\ prove that 

15. Normals to an ellipsoid through a curve traced on its surface 
intersect a principal plane in a circle of given radius; prove that the 
projection of the curve on the plane encloses an invariable area. 

16. A curve is traced upon a terrestrial globe, of such a form that 
the longitude of any point is equal to its north polar distance; prove 
that the whole length of the curve between the north and south poles 
is equal to the meridian distance between the north and south poles of 

an oblate spheroid, the eccentricity of which is —rz and axis equal to the 

v2 
diameter of the globe. 

17. A closed vessel in the form of a right cone is placed with its 
base on a horizontal plane: supposing it to be filled with fluid through 
a small orifice at its vertex, prove that the horizontal tension of the vessel 
at any point varies as the area of the circular section through the point. 
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18. A luminous point is placed at one of the foci of a semi-^Uiptic are 
bounded by the axis major; prove that the whole illumination of the arc 
varies inversely as the latus rectum. 

19. A homogeneous globe is placed upon a perfectly rough table, very 
near to a centre of force in the surface of the table, the law of attraction 
being, that of the inverse square ; prove that the square of the time of an 
oscillation varies as the volume of the sphere. 

20. An inelastic ball, of given radius, is dropped from the window of a 
carriage, travelling uniformly along a level road, upon the wheel, which it 
hits at the highest point; determine the subsequent motion of the ball 
relatively to the carriage, the rim of the wheel being perfectly rough. 

Tuesday, Jan, 20. 1J...4. 

1. An object is viewed through a lens by an eye placed on the axis: 
describe the several defects to which the image is subject, assuming the 
light to be homogeneous. 

Illustrate the defect of angular distortion by a figure, and explain 
generally how this defect is diminished by using Huyghen's eye-piece. 

2. Explain the nature of the difficulty which prevents the formation 
of a completely achromatic combination of lenses. 

A pencil of light is refracted, centrically, and with small obliquity, 
through two thin lenses in contact; find the condition of achromatism. 
If such a combination be used as a microscope, determine which of the 
lenses has the greater dispersive power. 

3. Determine the interval from stinrise to sunset at a given place. 

If the increase of the sun*s declination from noon to noon be A°, and 

i, If, be the times from sunrise to noon and from noon to sunset respectively, 

shew that 

A sin/ seed , 

^ " ^ " * • "180 • V{cos(/ - 5) cos(/ + *)} ''^"^y' 

where / is the latitude of the place, and ^ is the sun^s declination at 

sunrise. 

4. Calculate the aberration in right ascension of a star, the right, 
ascension and declination of which are given, and find its greatest value. 

5. A particle, acted upon by given forces, moves on a given smooth 
surface ; shew how to determine its motion, and the pressure on the surface. 

If the surface be a smooth cone, placed with its axis vertical and 
vertex downwards, and if gravity be the only force acting, shew that 
the differential equation of the projection on the horizontal plane of the 
path of the particle, is 

d^u . , fir sin a cosa 
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where u is the reciprocal of the distance of the particle from the axis, 
the angle between this distance and a fixed vertical plane, h constant, 
and a the semi- vertical angle of the cone. 

6. Determine the motion of a body revolving about a fixed horizontal 
axis under the action of gravity: and shew that there is a point in the 
straight line through the centre of gravity perpendicular to the axis 
such that, if the whole mass of the body were there collected, and hung by 
a weightless string from the axis, the angular motion of the point would 
under the same initial circumstances be the same as that of the body. 

How would the pressure on the axis be affected by such a supposed 
change in the arrangement of the mass ? 

7. Investigate the equations of fluid motion, referred to rectangular 
axes. 

An elastic fluid, not acted upon by any impressed forces, flows uniformly 
through a cylindrical tube; compare the pressures of the fluid for two 
different velocities, and hence explain the following experiment. 

To one end of a tube is fitted a plane disc which is capable of sliding on 
wires projecting from the end of the tube in directions parallel to the axis : 
if the disc be placed at a small distance from the end, and a person blow 
steadily into the other end, the disc will remain nearly stationary. 

8. A perfectly flexible and slightly extensible cord is stretched between 
two fixed points, at which its extremities are fastened : if a small disturb- 
ance be excited in it, obtain equations for calculating the motion; and 
determine the velocities with which transversal and longitudinal vibrations 
are respectively propagated along the cord. 

9. A particle revolves about a centre of force in an orbit nearly 
circular; determine approximately the angle between two consecutive 
apsidal distances. 

Hence shew that the mean central disturbing force of the Sun will 
cause the apses of the Moon's orbit to progress, assuming the Earth's 
orbit to be circular. 

10. Assuming the following equation for determining the Moon's 
longitude. 



d'u P 

P Lb m'u' 



^^ + W = ^,^,i 



where ^^ = |^ _ ^ [1 + 3 cos{(2 - 2m) ^ - 2^}], 

find the term of the second order, in the expression for 0, of which the 
period is one year. 

Considering only the effect of this term, and assuming e' = ^^ and 
sinm^ a i, find approximately in minutes the difference between the greatest 
and least periodic times of the Moon. 
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Wednesday, Jan. 21. 9... 12. 

1. Shew that the circle, which cuts orthogonally three given circles 
lying in a plane, has its centre at the radical centre of these circles. 

^ -„ a sin'^ + h 8in'0 __ b sin*^ + c sin*0 _ c sin*^ + a sin*0 
b cos*^ 4- c cos*0 ~ c cos'6^ + a cos'0 ~ a cos*^ + b cos^0 * 

then will a' + 6' + c* = 3a6c, 

3. A parabola slides between two rectangular axes; find the curve 
traced out by any point in its axis; and hence shew that the focus and 
vertex will describe curves of which the equations are 

xY = a« (a:« + y«), a^y^a^ + y« + 3a«) = a% 

4a being the latus rectum of the parabola. 

4. Shew that, if in the equation 

aa^ + by* + 2cxy-f=0, 

the parameter / alone vary, the focus of the conic represented will lie in 
either of two straight lines; if, either a or 6 vary, the other coefficients 
remaining constant, the focus will lie in a rectangular hyperbola; and, if 
c alone vary, the focus will lie in the curve 

«^(«* + y*) - («" + ft*) ^y' +/(« - h) («»- y«) = 0. 

5. A right vertical cylinder with circular ends carries a hand upon its 
upper face, equal in length to a radius of the end, and moveable about 
an axis coincident with the axis of the cylinder: the extremity of the 
hand is attached by a fine elastic thread to a point in the circumference 
of the lower end of the cylinder; and, when the thread is vertical, it is 
stretched to its natural length : if the hand be made to revolve through 
any angle a, and then let go, find its angular velocity in any subsequent 
position; and shew that, if the angle of displacement, a, be very small, 
the time of an oscillation will be 

f^ de 

where n is constant. 

6. A narrow smooth semicircular tube is fixed in a vertical plane with 
its vertex upwards ; and a heavy flexible string, passing through it, hangs 
at rest; shew that, if the string be cut at one of the ends of the tube, 
the velocity, which the longer portion of the string will have attained when 
it is just leaving the tube, will be 

(iV)»{27r-^(,r»-4)}*, 

/ being the length of the longer portion, and a the radius of the tube. 
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7. K a,h,c, o', 6', c', be the cosines of the inclinations of the feces of 
a tetrahedron, a and rf', b and h\ c and c', belonging respectively to the 
edges ^bich do not meet, and a', b\ c\ to three conterminous edges; shew that 

+ 26c 6 V + 2ca{faf + 2aba*b\ 

8. Shew that the determination of the circular sections of the cone 

a b e ^ 
-+ -+-=0 

X y z 

may be made to depend upon the solution of the cubic equation 

abcfj? - (a« + 6« + c*)fi* + i = 0; 
and that the circular sections of the cone 



^)y, + {f+g«, + g + 2«y = 



ax^by + cz^O, - + ? + 5=rO, 
a b c 



are parallel to the planes 

9. Shew that, if 

a = 0, /3 = 0, 7 « 0, 

be the equations of three planes which form a trihedral angle, the equa- 
tion of a cone of the second order, which has its vertex at the angular 
point and touches two of the planes at their intersections with the third, is 

and that the equation of a surface of the second order enveloped by the 
cone is 

^ + /i.(7*-Aa/3) = 0, 

^ == being the equation of the plane of contact, and fi being constant. 

Shew that if the enveloping cone of a series of ellipsoids be the asymp- 
totic cone of a series of hyperboloids of two sheets, the curves of inter- 
section of any ellipsoid with the series of hyperboloids will lie in planes 
parallel to the plane of contact of the cone and ellipsoid. 

10. A rigid spherical shell is filled with homogeneous inelastic fluid 
every particle of which attracts every other with a force varying inversely 
as the square of the distance; shew that the differenpe between the 
pressures at the surface and at any point within the fluid varies as the 
area of the least section of the sphere through the point. 

11. A uniform beam is revolving uniformly in a vertical plane about a 
horizontal axis through its middle point ; and, at the instant it is passing 
through its horizontal position, a perfectly elastic ball, the mass of which 
is one-third that of the beam, is projected horizontally from a point verti- 



^f 
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cally above the axis, so as to hit the beam at one extremity, then to rebound 
to the other, and so on for ever, bounding and rebounding along the same 
path ; shew that if be the angle, on each side of its horizontal position 
through which the beam revolves, 9 will be given by the equation 

e tane = 1. 

12. A homogeneous sphere, of elasticity e, rotating uniformly about a 
horizontal diameter, falls upon a perfectly rough inclined plane through 
such a height h that its angular velocity is not affected by the first impact, 
and then proceeds to descend the plane directly by bounds ; if ti„ be the 
velocity of the sphere along the plane after the n^ impact, shew that 

and that the range which the sphere describes upon the plane before it 
ceases to hop will be 

a being the inclination of the plane to the horizon. 

Wednesday, Jan, 21. 1J...4. 

1. State clearly the meaning of "the limit of f(x) when ar = 0:" 
and shew that, if two quantities approximate simultaneously to limiting 
values, and always bear to each other a certain ratio, then their limits 
are in that ratio. When are two quantities said to be nearly equal? 
Give some test of the ultimate equality of two quantities which ulti- 
mately vanish. 

Assuming that PgJil -H x)' = f, find the difierential coefficient, with re- 
spect to ar, of a"*. 

2. Given that, under certain conditions, 

F(x^ ->- A) - Fjx;) F(x^ 4 Oh) 
Ax,^h)-/(x,) '^f{x,^eh)' 
derive the equation 

stating fully the conditions for its truth. 

Hence find the limiting value of the ratio of ar - sinx to «*, as ar is 
indefinitely diminished. 

3. Shew that the values of ar, which render 0(a;), a continuous function 
of or, a maximum or a minimum, are given by the condition that <tf{x) 
for such values, vanishes or is infinite ; and shew how to distinguish between 
a maximum and a minimum. 
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Determine in each case the sign of 0''(^) for values of x very nearly 
equal to those which make 0X^) infijiite. 

4. Give some definition of an asymptote of a curve, and employ it 
to shew how to determine the asymptotes of polar curves. 

If the equation of the curve be 

shew that there may be as many asymptotes as there are unequal roots 
of the equation /(^) = 0: and that, if a be one of these roots, the equation 
of the corresponding asymptote will be 

u -f\a) sin(^ - a). 

5. Find the magnitude and position of the circle which has the closest 
possible contact with the curve y =f(x) at a given point; and shew 
that it generally cuts the curve at the point. 

Prove that the chord of curvature, parallel to the axis of x, of the curve 

X 

y - 
sec- = €«» 
a 

is constant, and that 

approximately represents the evolute of this curve for the part near the 
origin. 

6. Investigate the analytical conditions for the existence of multiple 
points in a curve of which the equation is u = 0, u being a rational 
function of x and y\ and shew how the degree of multiplicity may be 
determined. 

Prove that, if 

5? + ^°°' 

at a double point, the coordinates of which are x, y, the two branches 
of the curve are at right angles to each other ; and that, if the point be the 
origin, the equation of the tangents to the branches will be 

£, V, being current coordinates of the tangent. 

7. Find the values of the integrals, 

r dx r dx C dO 

/t&nxdx , f** x^dx 

l + w-tan^a;' J^ {2ax - x*fi ' 
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8. Find the equation of the locus of tangent lines at a point (x, y, z) of 
a surface, the equation of which is u =f(x, y, z) = 0. 

Common tangent planes are drawn to the ellipsoids 

a* 6* c* a" 6" c" 

shew that the perpendiculars upon them from the origin lie in the surface 
of the cone 

9. Shew how to integrate the equation 

P and Q being functions of x. 

The normal at a point P of a curve meets the axis of x in (r, and the 
locus of the middle point of PG^ is the parabola ^-lx\ find the equation 
of the curve, supposing it to pass through the origin. 

10. Prove that the differential equation of the surfaces generated by a 
straight line which passes through the axis of z and through a given curve, 
and which makes a constant angle a with the axis of s, is 

dz dz , ^ .vi ^ 

11. Prove that the expansion of the function 

t 
««-l 
can involve no odd powers of t above the furst, and define Bernoulli's 
numbers. 

If jB^i be the n^ of these numbers, prove that it is equal to 
(- 1)" {iAO«» - AA«0«" + iA'cr - &c.}. 

Thursday, Jan. 22. 9.. .12. 

1. If PiP'i be the reciprocals of the perpendiculars from the centre of an 
ellipse upon SP^ JED, where 8, IT, are the foci respectively nearest to P, jD, 
the ends of two conjugate semi-diameters, prove that, h being the reciprocal 
of the semi-axis minor, 

{P'hf^(p'-hf 
is a constant quantity. 

2. If forces P, Q, R, acting at the centre O of a circular lamina along 
the radii OA, OB, OC, be equivalent to forces P, Q', i?', acting along the 
sides BC, CA, AB, of the inscribed triangle, prove that 

P^^Q^' -R.P' ^ 
BO ^ CA ^ AB ''"• 
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3. A fine thread just encloses, without tension, the circumference of an 
ellipse : supposing a centre of force, attracting inversely as the square of the 
distance, to be placed at one of the foci, prove that the sum of the tensions 
of the thread at the ends of any focal chord is invariable, and that the 
normal pressure on the ellipse at any point varies inversely as the cube of 
the conjugate diameter. 

4. Prove that the eccentricity of a section of an ellipsoid, made by a 
plane through its least axis, varies inversely as the distance, from this axis, 
of the point in which it cuts a centric circular section. 

5. OA', OB', are two quadrants on the surface of a sphere, at right 
angles to each other : a great circle cuts them in A, B, respectively : from 
A\ B", through any point P of the great circle, are drawn arcs B'FM, 
A'PN, cutting OA', OB, in M, N, respectively j if PN=^(p, PM^yjr, 
LOAB = \, lOBA = ytt, prove that 

sin*\ . cos*0 - 2 cos X, cos^ sin0 sin^ + sin*/* cos'Y^ = 1. 

6. If a polygon of a given number of sides be inscribed in the orbit of 
a planet, such that all its sides subtend equal angles at the Sun, prove that 
the sum of the angular velocities of the planet about the Sun, at the angular 
points of the polygon, is independent of the position of the polygon. 

7. A uniform homogeneous wire PAP', of which A is the middle point, 
is bent into the form of an arc of a loop of the lemniscate of which A 
becomes the vertex : prove that the resultant attraction on the wire, arising 
from a centre of force at the node O, attracting according to the law of 
the inverse square, varies as 

KOP* OAV 

8. A small light is placed at the focus of a perfect reflector in the form 
of a paraboloid of revolution : prove that the brightness, due to reflection, 
at any point within the volume of the paraboloid, varies inversely as 
the square of the focal distance of the end of the diameter through the 
point. 

9. A hollow homogeneous cylinder, of given material, which is perfectly 
brittle and incompressible, is partially inserted into a flxed horizontal tube 
just wide enough to admit it: prove that the greatest length which the 
free portion of the cylinder can have, without snapping off", varies as the 
square root of the radius of its external surface. 

10. A centre of force, repelling inversely as the square of the distance, 
lies below the surface of a homogeneous inelastic fluid, which is also acted 
on by gravity and is at rest : the intensity of the force, at a point in the 
surface of the fluid vertically above its centre, is equal to that of gravity : 
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prove that the external surface of the fluid has a horizontal asymptotic 
plane, and that the centre of force is environed by an internal cavity, 
the summit of which is at the external surface of the fluid. 
Find the volume of the cavity in terms of its length. 

11. A carriage is travelling along any level road: prove that the sum 
of the squares of the shadows cast on the ground by any two spokes of 
a wheel, which are at right angles to each other, varies during the journey 
as the square of the secant of the Sun's zenith distance. 

Prove also that, if the road run due east and west, 

tan2^ 

sina = — - , 

tan22 ' 

a being the azimuth and z the zenith distance of the Sun, and the 

corresponding inclination of a spoke to the horizon when its shadow is 

greatest or least. 

12. OA, OB, OC, are meridians on a surface of revolution, passing 
through three points A, B, C, which are connected together by the 
shortest arcs BC, CA, AB: BC cuts OB, OC, at angles X^, \: CA 
cuts OC, OA, at angles \,\', and AB cuts OA, OB, at angles \, X,; 
prove that 

sin\^ . sin\, . sinX^ a sinX, . sinX^ . sinX^. 

13. A little animal, the mass of which is m, is resting on the middle 
point of a thin uniform quiescent bar, the mass of which is m' and the 
length 2a, the ends of the bar being attached by small rings to two 
smooth fixed rods at right angles to each other in a horizontal plane: 
supposing the animal to start off along the bar with a velocity V, 
relatively to the bar, prove that, being the inclination of the bar 
to either rod, the angular velocity initially impressed upon the bar will 
be equal to 

3m Fsin 20 
8w + 4w' * a 

14. A narrow tube, in the form of a common helix, is wound round 
an upright cylinder, initially at rest, which is pierced by two smooth fixed 
rods, parallel to each other and horizontal: supposing a molecule to be 
placed within the tube, at a point of which the distance from the axis 
of the cylinder is parallel to the rods, find the velocity of the cylinder 
when the molecule arrives at any proposed point of the tube. 

Prove that, m, m\ being the masses of the molecule and cylinder, the 
velocities which the cylinder has acquired, at the successive arrivals of 
the molecule at points most distant from the plane in which the axis of 
the cylinder moves, will have their greatest values when, a being the 
inclination of the helix to the horizon, 

tan'a = ■ . 
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Thursday, Jan, 22. 1J...4. 

1. One plane curve rolls on another, the planes of the two curves 
coinciding, and their convexities being opposed to each other : if r, r', 
are the radii of curvature of the fixed and rolling curves respectively, at 
their point of contact, p the distance of any point P in the moving plane 
from the point of contact, a the angle between p and the common normal 
to the two curves, prove that the corresponding radius of curvature of 
P's path is equal to 

r r* 
1 1 cosa * 
r / p 

Shew also that the directions of motion of all the points in the moving 
plane, fixed relatively to the rolling curve, which at any instant are going 
through points of inflection In their respective paths, pass through a single 
point. 

2. Prove the following relation between the sides and angles of a 

spherical triangle, 

A^^B a + 6 

cos — COS 

2 2 



. c 


c 


sm~ 


COS- 


2 


2 



3. Integrate the simultaneous differential equations : 

,dx.,dy - 

at at 

4. If r (n) denote / «"*a?**'*<fer, where » is a proper fraction, 
r(n)r(l-n) = 



-' 

shew that 



sm;t7r 
and hence deduce the value of J t^***dx. 



5, Determine the change in the position of the axis and in the eccen- 
tricity of the Moon's orbit indicated by the terms 

e cob(c0 -a) + ^me cos{(2 - 2m - c)e - 2/3 + a}, 

in the expression for the Moon's parallas:. 
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6. A free rigid body, the mass of which is m, is at rest : its moments 
of inertia about the principal axes through its centre of gravity are A, B, Ci 
supposing the body to be struck by an impulsive force R through its centre 
of gravity, and by an impulsive couple G^ prove that it will revolve for an 
instant about an axis, the velocity of which is in the direction of its length 
and is equal to 

L.X M.Y N.Z 

A,m B •m Cm 






X, Y, Zf being the components of B, and Z, Jf, N, of (?, along the prin- 
cipal axes. 

If ^ be the inclination of iE's direction to the spontaneous axis, prove 

that 

Z.X M.Y N.Z 

^ A,B^ B.B^ C.B 






7. Two luminous points which emit light of the same colour and of 
equal intensity, are placed very near to each other before a plane screen 
and at exactly equal distances from it: investigate the appearance on the 
screen. 

8. Prove the following equation for the determination of the major 
axis of the orbit of a disturbed planet, 

^ _2nfl^ dB 
dt fi * dt ' 

Friday, Jan. 23. 9.. .12. 

1. If a = 0, /3 = 0, 7 = 0, be the equations of the sides of a triangle, 
shew that the equation of a conic touching the sides of the triangle is 

'^ «1 *1 ^1 «8 K «« «S ^►s C» 

be the equations of the sides of a hexagon which circumscribes a conic, 
shew that 

«i ( V, - cA) + «2 ( Vi - «s^i) + «8 {\Ct - cA) = 0. 

2. Transform the triple integral 1 1 \f{a, /3, 7) dadfidr^ into one in which 
Xf y, a, are the independent variables, having given 

a = F^{x,y,z), p=F^{x,y,z), ^=F^(x,y,z). 
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If a^ = yzy py- zx, 7« = xy^ 

shew that 

J]J/(«,A7)^«^^^7 = 4|JJ/g, ^, fjdxdydz. 

3. Shew how to integrate the equation of differences, 

W^« + Pl^x^n-l + . . . + PnU„ =/ (X), 

where p„ ^„ j[>„ are independent of x. 
Shew that a solution of the equation 

«»fn.«*m.l-. — «xfi-W« = « («*m + W^^n-i + .- + «*fi + «*«)» 

is included in that of 

^x^i - «« = 0, 
and IS consequently 

U^ = C, a* + C, a- + ... + CU, at'**^', 
where a is one of the imaginary (n + 1)*** roots of unity, the n + 1 constants 
being subject to an equation of condition. 

4. Shew how to find the difierential equation of a class of surfaces, 
which cuts at right angles all the surfaces represented by the equation 

/(ar,y, », a)=0, 
where a is an arbitrary parameter. 

If the class of surfaces have an envelope, shew how we may find it with- 
out solving the differential equation. 

5. Disturbances are excited in the air contained in a cylindrical tube 
of given length by a plate vibrating isochronously at one end, the other end 
being closed: assuming expressions for the velocity and condensation 
at any point, find the time of vibration, in order that a musical note 
may be produced ; and determine the points in the tube at which openings 
may be made without affecting the pitch. 

Supposing^ vibrating plate also at the closed end, how must the time 
of vibration of the first plate be modified, and how must the times of vibra- 
tion of the two plates be related, that musical notes may be produced ? 

6. Assuming that the Sun causes an angular acceleration of the Earth, 
proportional to the sine of twice the Sun's north polar distance, about 
the equatoreal diameter perpendicular to the line joining the centres of 
the Sun and the Earth, shew that the line of equinoxes will have a pro- 
cessional movement. 

How will the amount of precession, as deduced from observation, aid 
in determining the ratio of the mass of the Earth to the mass of a pound 
weight? 
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7. What is meant by secular variations of planetary elements ? 

Shew how to find the condition that the secular variations of the longi- 
tudes of the lines of nodes of two mutually disturbing planets may be 
periodic. 

The following equations, connecting the inclinations and longitudes of 
the nodes, may be assumed: 

tant sinQ =j», tan* cosQ = j, 

with corresponding equations for the planet to which the accented symbols 
refer. 

If the squares of the masses of the two planets were to each other 
inversely as their mean distances, then the nodes would dscillate through 
equal angles. 

8. Describe some method of obtaining a circularly polarised beam of 
light, from light polarised in one plane. 

Circularly polarised light is incident, at a slight inclination, upon a 
plate of uniaxal crystal cut perpendicularly to its axis, and the emergent 
pencil is analysed; explain generally the phenomena produced. What 
will be the effect produced by turning round the analysing plate? 

Friday, Jan. 23. 1J...4. 

1. Investigate formulae for the determination of the umbilici of 
surfaces. 

Prove that the radius of normal curvature of the surface xyz = a* at 
an umbilicus is equal to the distance of the lunbilicus from the origin of 
coordinates. 

2. Integrate the equations 

d'u d'u d*u ^ d^u ,^. 

^ ^ ^ - ;^ + 2 5^ = ^y*' (^>' 

M^i . sina:^ - u^ . sin(a: + 1) = C08(ar - 1) ^ - cos(3ar + 1) ^...(2) ; 
and find a general value (x) from the equation 

(m*x) - (a + 6) (mx) + a&0 (x) = ex (3). 

3. State and prove the principle of Vis Viva, and describe the different 
kinds of forces which do not appear in the equation of Vis Viva. 

A circular wire ring, carrying a small bead, lies on a smooth horizontal 
table; an elastic thread, the natural length of which is less than the 
diameter of the ring, has one end attached to the bead and the other to 
a point in the wire; the bead is placed initially so that the thread co- 
incides very nearly with a diameter of the ring : find the Vis Viva of the 
system when the string has contracted to its natural length. 
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4. If F be a given function of a:, y, ~ , ^, find the conditions 

ax cur 

that I VdXf between given limits, may be a maximum or minimum. 

When a particle is attracted towards a fixed centre of force and moves 
in the brachistochrone, prove that the area described round the centre 
of force varies as the " action." 

5. Describe the terms in the expansion of the disturbing function, 
which are of the greatest importance in calculating the variations in the 
elements of a planetary orbit, and explain fully what is meant by the 
long inequality of two planets. 

What principle is used to ascertain the disturbing effects produced 
on a planet by several other planets. 

6. Define the potential function F*, and shew that, at any point (or, y, s), 
external to the attracting mass, it satisfies the equation 

d^V (PV (PV ^ 

Hence prove that, i£ She any closed surface to which all the attracting 
mass is external, dS an element of S, and dn an element of the normal 
drawn outwards at d8, • 



//^ 



dn 

the integral being taken throughout the whole surface S, 

7. Assimiing the formulfiB 

la + m/3 + W7 = 0, 
I m n 



a (t?* - a«) " ^ (t;« - b*) 7 (t;« - c«) ' 

investigate the equation of the wave-surface in a biaxal crystal. 

Prove that the direction of the vibration at any point of this surface 
coincides with the projection of the distance of the point from the centre 
of the surface upon the tangent plane at the point. 



THE END. 
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In the Number for January, 1861, appears the commencement of a New 
Story by Hbnet Kingslet, Author of " Geoffry Hamlyn," 

RAVENSHOE; 

Ob^ The Adyentubes oir ^i Youkq English Gentleman. 

Volumes I. U. and III., comprising Numbers 1 to 18 inclusive, hand- 
somely bound in cloth gilt, price 7*. 6^?. each, are now ready. The 
Sale of this Magazine has increased hy one-half its original circulation 
since the publication of No, L 



Will be Published in Tebruary, 1861. 

Vacation Tourists, and Notes of Travel in 1860. 

This Work will be edited by Teancis Galton, Author of the 
"Art of Travel," and will be handsomely printed in demy Svo. 
containing Illustrations and Maps. It will comprise accounts of 
Travels in Italy during the entry of Garibaldi into Naples; 
NoBWAY) with Sketches of Manners; Switzeeland and the 
Alps; Spain and the Ftbekees; Pebtj, and the present con- 
ditiou of Social and Political Life in that Country ; Steia and 
the Deuses; Geoatia and Hungaey; Zanzibae and the Slatx 
Teade, &c. &c. The novelty and interest of the plan will, it is 
hoped, command a large attention on the part of the British 
Public. 

M.A.61. A 

3,000 dy. Sro. 
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POPULAR WORKS FOR THE YOUNG. 
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Tom Brown's School-Days. By An Old Boy. 

With a new Preface. Seventh Edition. Fcap. 8vo. 5«. 

*' Those manly f honest thoughts, expressed in plain words', mil, tee trust, long 
Und an echo in thousands of English hearts^ — Quarterly Bjsyiew. 



Our Year. A Child's Book in Prose and Rhjrme. 

By the Author of "John Halifax." With numerous Illustrations 
by Clarence Dobell. Eoyal 16mo. cloth, gilt leaves, 6«. 

*^Just the hook we could wish to see in the hands of every child .... written in 
tueh an easy, chatty, kindly manner,**'^'EN&LlSB. Chdrohman. 



Professor Kingsley's Heroes, or Greek Fairy Tales. 

New Edition, with Illustrations. 

Hoyal 16mo. doth, gilt leaves, 5«. 

•* A welcome and delightful volume, for the tioriei are prose poems lotk M to 
; malter and manner." —J^LEcnc Keyiew. 



Ruth and Her Friends. A Story for Girls. 

With Frontispiece. Third Edition. 

Eoyal 16mo. cloth, gilt leaves, 5i. 

" The tone is so thoroughly healthy, that we augur the happieH retuUe from 
He wide diJusion"'-Tnz Freeman. 



PUBLIS9BD 3Y umU^lhh^mV :00. « 

POPULAR WORKS FOR THE YOUTkOh-Continued. 
Days of Old : Stories from Old English History. 

By the Author of "Bxjth and hbr Fbiekds." With Frontis- 
piece. Eoyal 16mo. cloth, gilt leaves, 6i. 

•' A delightful Utile book, full of interest and instruction . . . jne feeling, 
dramatic weight, and descriptive piftper in th^ stories "^'lafSJtBJLBX Gazxttx . 

Agnes Hopetoun's Schools and Holidays. 

By Mrs. Ojuphant (Author of •* Margaret Maitlmjd")- With 
rrQutispieoe: Eoyal 16mQ. clath,.gilt leaves, 55. 

" One of Mrs. Olipkanfs gentle, thoughtful stories. . . . described with exquisiie 
reditu . . . teaching the young pure and good lessons^"* — John Bull. 

Little Estella, and other Tales. 

With Frontispiece. Royftl 16mo. cloth, gilt leaves, 5*. 

"' Very pretty, pure in conception^ and simply^ gracefuUy related . . . genuine 
story telling"— T>/LiLY Nevs. 



.David, King of Israel. 

By JoHAH Wbight, M.A. Head Master Jo£ Sutton Cold£eld 
Grammar School. With Illustrations after Schi^okb. 

^ Eoyal I6mo. ck)th, gilt leaves, 5^. 

« An exeelleni hook . . . well conceived, and weU worked <w^."— Xitieaet 
Churchman. ^ 



My First Journal. 

By GEOBGiAirA M^ G&aik, Author of '^LoBt and Won.'' With 
Frontispiece. Eoyal 16mo. doth, g^lit leaves. 4^. 6d, 

\ .. "X!i:ue to Nature and,4o,^^ iin4' op nufvre^ .. . . tkp,styl^i$ simple tmd 
graceful ... a work of Art, clever and kcaliky toned,** --QwVE, 



4 NEW WORKS AND NEW EDITIONS, 

THE BEGOLLEGTIONS OF GEOFFRT HAMLTN. 
By Hbnrt Kingsley, Esq. 

Second Edition. Grown 8yo. cloth, 6i. 

" Mr, ffenry Kingtley hat foritten a work that keeps up its interest from the first 
page to the last^^it is full of vigorous stirring life, and though an eager 
reader may he prompted to shp intervening digressions and details, hurrying 
on to see what comes of it all, he will, nevertheless, be pretty sure to return 
and read dutifully all the skipped passages after his main anxiety has been 
aUayed, The descriptions of Australian life in the early colonial days are 

marked by an unmistakeable touch of reality and personal eamerience 

Mr. Henry Kingsley has written a book which thepublie wiU be more inclined 
to read than to criticise, and we commend them to each other** — ^Athxitjeux. 

THE ITALIAN WAR OF 1848-9, 
And the Last Italian Poet. By the late Henry 

LtJSHINGTON, Chief Secretary. to the Government of Malta. 
. With a Biographical Preface by G. Stovin Vbnablbs. 

Grown 8yo. cloth, 6«. 6^. 
" M the writer warms with his subject, he reaches a very uncommon and charac- 
teristie degree of excellence. The narrative becomes lively and graphic, and the 
language is full of eloauence, Perhaps the most dificult of all Merary tasks 
— the task of giving historical unity, dignity, and interest, to events so recent 
as to be stiU encumbered with all the detms with which newspapers invest 
them — has never been more successfully discharged, , . . Mr. Lushtngton, in a 
very short com/pass, shows the true nature and sequence of the event, and gives 
to the whole story of the struggle and defeat of Italy a degree of unity and 
dramatic interest which not one newspaper reader in ten thousand ever supposed 
it to possess **—SjlTVBJ)IlT Rkyibw. 

SGOURING OF THE WHITE HORSE. 
By the Author of "Tom Brown's School Days.*' 

With numerous Illustrations by Hichabd Doyus. Eighth Thou- 
sand. Imp. 16mo. printed on toned paper, gilt leaves. 8«. 6d. 

The execution is excellent, . . . Like Tom Brown's School Days, the White Herse 
gives the reader a feeling of gratitude and personal esteem towards the author. 
The author could not have a better style, nor a better temper, nor a more 
excellent artist than Mr, Doyle to adorn his book,** — Satvildat Eeyisw. 

EDITED BY W. G. CLARK, M.A. 

Public Orator in the University of Cambridge, 

George Brimley's Essays. With Portrait. 

Second Edition. Fcap. Svo. cloth. 5i. 
** One of the most delightful and precious volumes rfcritiedsm that has (geared 
in these di^s, , , . To every cultivated reader they wiU disclose the wonderful 
clearness of perception, the delicacy of feeling, the pure taste, and the remark- 
t^bhf Arm and decisive judgment which are the characteristics of all Mr, 
Brimlev*s writings on subjects that rea^ penetrated and fuUy possessed hie 

fW/W/r. — NOKCOOTORMIST. 



PUBLISHBI) BY HAGHILLAN AKD CO. 1^* 

Cambridge Scrap-Book. Containing in a Pictorial Form a 
Eeport on the Manners, Customs, Humonrs, and Pastimes of 
the Uniyersity of Cambridge. Containing nearly 300 Illustra- 
tions. Second Edition. Crown 4to. half-bound, 7«. 6d, 

Volunteer's Scrap-Book. A Series of Humorous Sketches 
niustratiye of the Volunteer Movement. By the Author of the 
" Cahbbibge Scra.f-Book." Eancy boards, half-bound, 7s* ^d* 

Yes and No ; or Glimpses of the Great Conflict. 

3Vol». l/.'lli.6<?. 
•* The besi work of its cUut we have met with for a long ^iW."— Patkiot, 

**Hm the stamp of all the higher attributes of authorsh^:*^llOKixus§ 
Adyz&tisek. 

** Ofsiftgularpower:*'-Biu!8 MissEiraxR. 

BT ALEXANDER SMITH, 

Author of a *' Life Drama, and other Poems," 

City Poems. I'cap. 8yo. doth, 6#. 

" ffe has attained at times to a quiet continuity of thoughi, and sustained strength 
of eoh^ent utterance . . . he gives us many passages that sound the deeps of 
feeling, andleave us satisfied with their sweetness"^I(ovni British Bsyieit . 

A Life Drama and other Poems. Fcap. 8vo. cloth, 2*. td. 



BT JOHN MALCOLM LUDLOW, 

Barrister-at-Law, 

British India, its Baces, and its History, down to the Mutinies of 
1867. 2 Tols. fcap. 870. doth, 9i. 

" The best historical Indian manual existing, one that ought to be in the hands of 
every man who writes, speaks, or votes on the Indian question" — ^EzAXmK. 

** The best elementary work onthe History of Jfiita.*'— Houiwabd Mail. 



8 NEW WORKS AND NEW EDITIONS, 

MEMOIR OF THE BEV. GEORGE WAGNER, 

LaU cfSL SUphen% Brighton. 

By J. N. SiMPKiNsON, M.A., Rector of Brington, 

Northampton. Second Edition. Grown 8vo. cloth, 9«. 

'* A deeply interetHng picture cfthe life of one of a elait of men who are indeed 
the salt of t hie land** — ^Mornino Beratj). 

B7 FRANCIS MORSE, M.A. 

Incumbent of St. John's, Ladffwood, Birmingham. 

Working for God. And other Practical Sermons. 

Second Edition. Fcap. 8vo. 5«. 

" Jbr eoundneft of doctrine, lucidity of style, and above aUfor their practical 
teaching^ these sermons will commend themselves** — JoHN Bull. 

** There is much earnest, practical teaching in this volume** — English 
Chxtschxan. 

BY THE REV. J. LLEWELYN DAVIES, M.A. 

Beetor of Christ Church, St. Marylebone, late Fellow of Trinity College, Cambridge^ 

The Work of Christ ; or the World reconciled to God. 

Sermons Preached at Christ Church, St. Marylebone. With a 
Preface on the Atonement Controyersy. Ecap. 8to. cloth, 6#. 

BY THE REV. D. J. VAUGHAN, M.A., 

Viear of St. Martin's, Leicester, late Fellow of Trinity College, Cambridge. 

Sermonfe on the Resurrection. With a Preface. 

Ecap. 8vo. cloth, price 3#. 
BY THE REV. J. F. THRUPP, M.A. 

Late Fellow of Trinity College, Cambridge. 

Introduction to the Study and Use of the Psalms. 

Two Vols. Svo. 21#. 

•< What Mr. Thrvpp has attempted he has for the most part done well. The plan, 
considering that the author appeals to the great body of English readers, is 
admirdble. The result is a volume as interestingly readable as it is eritictdly 
valuahle. We commend these volumes with peculiar satisfaction and confidence 
to the earnest attention of aU students of sacred Scripture" — ^Fkrbman. 



PUBLISHED BY MACMILLAN AND CO. 9 

THIRD EDITION. 
Lectures to Ladies on Practical Subjects. Crown 8yo. 7#. td. 

By F. D. Maurice, Pbofessob Kinoslbt, J. Ll. Dayibs, Aboh- 
DEAOON Allen, Dean Tbbnoh, Professor Brewer, Dr. Qborgb 
Johnson, Dr. Sieveking, Dr. Chambers, F. J. Stbphbn, Esq. and 
Tom Tatlor, Esq. 

. Contents :^Plan of Female Colleges — The College and the Hospital— 
The Country Parish — Overwork and Anxiety — Dispensaries — Dis- 
trict Visiting — Influence of Occupation on Health — Law as it affects 
the Poor—Everyday Work of Ladies— Teaching by Words— Sani- 
tary Law — ^Workhouse Visiting. 

** We scarcely Jcnow a volume eoHtaining more sterlina good sense, or a finer ex- 
pression of modem intelligence on social subjects, -^bjmjsxba* Jovkkal. 

BY BROOKE FOSS WESTCOTT, M.A., 

Author of " History of the New Testament Canon," ^e. 

Characteristics of the Gospel Miracles. Sermons preached 

before the University of Cambridge. With Notes. 

Crown 8vo. cloth, is. Qd. 
**Jn earnest exhibition of important and exalted truth." -^ovBSkL or Sac. 

LlTSBATUBX. 

B7 C. A. SWAINSON, M.A. 

Principal of the Theological College, and Prebendary of Chichester, 

L The Authority of the NeW Testament ; the Convic- 
tion of Righteousness, and other Lectures delivered before 
the University of Cambridge. 8vo. doth, 12i. 

** These remarkable Lectures deal with most engrossing sutffects in an honest and 
vigorous soirit. The religious topics which are now uppermost in the mind of 
the thougk(ful classes among us, and which are fundamental to the Christian, 
are here grappled with, we gladly acknowledge, in a courageous, straightfor- 
ward way. The reader is led to think healthily and calmly, , , , Our readers 
will do well to obtain the book and read it all, there is so much in it of abiding 
value.^—laTVBx&x Churchman. 
* 

2. The Creeds of the Church. In their Relations to the 

Word of God and the Conscience of the Christian. 8vo. dotL, 9« 

3. A Handbook to Butler's Analogy. With a few Notes. 

Is. 6d. 

A 



10 KEW WORKS ASD NEW SDITIONB, 



THE WOMS OF 
WILLIAM AROHBR BUTLER, M.A., 

LiatPrafMtor of Moral PhUogoph^ in tht Urnvtriiiif of DubUu. 

FIFE VOLUMES Svo. UNIFORMLY PRINTED AND BOUND. 

** A man of glowing genius and diversified oeeompUeAmenis, whose remains JUI 
these Jive brilliant volumes " — Edinburgh Rxtisw. 

SOLD SEPARATELY AS FOLLOWS, 

1. Sermons, Doctrinal and Practical. Fii^st Sbkies. 

Edited by the Very Rev. Thos. Woodtc ard, M.A., Dean of Down. 

With a Memoir and Portrait. Tifth Edition. Svo. cloth, 12i. 

'* Present a richer combination of the qualities for Sermons of the first class than 
any we have met with in any living imV^."— British Qvartebxt Rivnw. 

2. Sermons, Doctrinal and Practical. Second Series. 

Edited by J. A. Je&bvib, B.D., Eesius Professor of Divinity in 
the University of Cambridge. Third Edition. Svo. cloth, 10«. 6flf. 

** They are marhed by the same originality and vigour of esmression^the same 
richness ofimageryand illustration, the same large views and catholic spirit, and 
the same depth and fervour of devotional feeling, which so remarkably dtstin* 
guished the preceding Series, and which rendered it a most valuable accession to 
our theological literature."— From Dr. Jeremib's Prkia-CB. ^ 

8. Letters on Romanism, in Reply to Dk. Newman's Essay on 
Development. Edited by the Very Rev. Thomas Woodward, M. A., 
Dean of Down. Second Edition. Revised by the Ven. Arch- 
deacon Hardwick. Svo. cloth, 10«. ^d. 

'^Deserve to he considered the most remarkahle proofs of the Author* sindomi- 
tahle energy and power of concentration** — Edinbttrgh Revibw. 

4. Lectures on tlie History of Ancient Philosophy. 

Edited from the Author's MSS., with Notes, by William Hep- 
worth Thompson, M.A., Regius Professor of Greek in the 
University of Cambridge. 2 vols. Svo.,£l 5*. 

" Of the dialectic and physics of Plato they are the only exposition at once full, 
weuratCi and popular, with whichi am acquainted : dei^gfar moreaeeurate than 
the French, ana incompaYahly more popular than the German treatises on these 
departments of the Platonic philosophy ^^--From Proi. Thompson's Preeace. 



PUBLI8BBD BT HA^MILLAK Aim CO. 11 

THS WORKS OF 
JULIUS CHARLES HARE, M.A., 

Somftimt Arehdtaeon of Lewet, Rector of Hertimoneeumf Chaplain in Ordinary to ik4 
Queen, and formerly Fellow and Tutor of Trinity College, Cambridge. 

NINE VOLS, %vo. UNIFOJmir PRINTED AND BOUND. 

1. Charges to the Clergy of the Archdeaconry of 

Lewes. During 1840 to 1854!, with Notes on the Principal 
Events affecting the Church daring that period. And an Intr(h 
dnction, explanatory of his position in the Chnxoh, with re- 
ference to the Parties which diyide it. 

3 Tols. Svo. cloth, £1 11#. 6dl 

2. Miscellaneous Pamphlets on some of the Leading 

Questions agitated in the Church during the years ISdiS to 1851. 

8vo. cloth, I2s. 

3. Vindication of Luther against his recent English 

Assailants. Second Edition. 8yo. cloth, 7s. 

4. The Mission of the Comforter. With Notes. Second 

Edition. 8yo. cloth, I2s. 

5. The Victory of Paith, Second Edition. Svo. cloth, 6#. 

6. Parish Sermons. Second Series. Svo. cloth, 12«- 

7. Sermons preacht on Particular Occasions. 8vo. Us. 

The imofottomng hooks are included amou^ the eoUeded Charges^ but arepublitAed 
iepariUehf for purchasert of ike rest. 

Charges to the Clergy of the Archdeaconry of 

Lewes. Delivered in the years 1843, 1845, 1846. Never 
before published. With an Introduction, explanatory of his 
position in the Church, with reference to the Parties that divide 
it. Svo. cloth, 6«. 6tf. 

The Contest with Rome. A Charge, delivered in 1861. 
With Notes, especially in answer to Db. Newman on the Position 
of Catholics in England. Second Edition. Svo. clotb, 10«. 6i^. 



12 NEW WORKS AND NEW EDITIONS, 

TES WORKS OF 
CHABLES EIN6SLEY, M.A. 

Chaplain in Ordinary to th* Queens Rector o/Bvirgltf, 
and Rtgiut Profetwr of Modern History in the University of Cambridge. 

1. The Limits of Exact Science as Applied to History. 

An Inaugural Lecture, delivered before the University of 
Cambridge. Crown 8vo. 2«. 

2. Two Years Ago. Third Edition. Crown 8vo. cloth, 6#. 

** Genial, large hearted, humorous, wiih a quick eye and a Iteen relish aUie 
for what is beautiful in nature and for wiat is genuine, strong, and eartiest in 

«MW.**— GUABDIAN. 

8. *' Westward Ho!" or the Voyages and Adven* 

tures of Sir Amyas Leigh, Knight, of Borrough, in the County 
of Devon, in the reign of Her most Glorious Majesty Queen 
Elizabeth. New Edition. Crown 8vo. cloth, 6i. 

** Almost the best historical novel to our mind of the ifay.*'— Fkazbr'I 
Maoazins. 

4. The Heroes : Greek Fairy Tales for my Children. 

New and Cheaper Edition, with Eight Illustrations. Royal 16mo. 

beautifully printed on toned paper, gilt edges, 5«. 

** We dovbt not they vnll be read by many a youth with an enchained interest 
almost as strong as the links which bound Andromeda to her roek^^^BuTun 

QUABTBKLT. 

5. Glaucus ; or, the Wonders of the Shore. A Com- 

panion for the Sea-side. Containing Coloured Illustrations of the 
Objects mentioned in the Work. Fourth Editicn. Beautifully 
printed and bound in cloth, gilt leaves. 7#. ^d, 

** Its pages sparkle unth life, they open up a thousand sources of unanUcipated 
pleasure, and combine amusement with instruction in a very hajapy and unwonted 
degree**~-^LECTic Reyiiw. 

6. Phaethon ; or, Loose Thoughts for Loose Thinkers. 

Third Edition. Crown 8vo. boards, 2s. 

7. Alexandria and Her Schools. Four Lectures delivered 

at the Philosophical Institution, Edinburgh. With a Preface 

Crown 8vo. cloth, 5«. 



PUBLISHED BY MACMILLAK AND CO. IS 

WORKS 
BY C. J. VAUGHAN, D.D. 

Chaplain in Ordinary to the Quetn, Vicar of Doncaster, and Chancellor of York 
Cathedral, 

1. Notes for Lectures on Confirmation. With Suitable 

Prayers. Third Edition. Pcap. 8vo. limp cloth, red leaves, Ijw %d. 

2. St. Paul's Epistle to the Romans. The Greek Text with 

English Notes. 8vo. cloth, Is. 6d. 

**For educated younff men this commentary seems to Jill a yap hitherto unfilled. 
We find in it a careful elucidation of the meaniny cf phrases by parallel 
passayes from St. Paul himself with a nearly continuous paraphrase and 
explanatum by which the verp difficult connexion of the aryument of the 
Epistle, vfith its countless dtyressions and ellipses and abrupt breaks, is 
pointedly brought out. An educated lad, who thought for himself, would learn 
more of the real meaning of St. PauPs words by thoroughly thinkiny out the 
suggestive exposition of them here supplied, than by any amount of study 

■ ■ ~>r. fau 



bestowed upon more elaborate and erudite works. . . As a whole. Dr. Vaughan 
' appears to us to have given to the world a valuable book of oriyincU and careful 
andeartiest thought bestowed on the accomplishment of a work which wUibe 
of much service, and which is much needed." —QvAXDiAif. 

8. Memorials of Harrow Sundays. A Selection of Sermons 

preached in the School Chapel. With a View of the Interior 
of the Chapel. 

Second Edition. Crown 8vo. cloth, red leaves, 10*. 6flf. 

4. Epiphany, Lent, and Easter. A Selection of Expository 

Sermons. Crown Svo. cloth, red leaves. 7*. Qd. 

"Each exposition has been prepared upon a careful revision of the whole passage 

. . . and the extreme reverence and care with which the author handles Holy 

Writ, are the highest guarantees of success. Jteplete with thought, scholarship, 

earnestness, and all the elements of usefulness." — ^Litxeabi Gazztte. 

5. Revision of the Liturgy. Eive Discourses. With an 

Introduction. I. Absolution. II. Regeneration. III. The Atha- 
nasian Creed. IV. Burial Service, v. Holy Orders. 

Second Edition. Cr. Svo. cloth, red leaves (I860), 117 pp. 4*. ^d. 
" The large-hearted and philosophical spirit in which Dr. Vaughan has handled 

the specific doctrines of controversy point him out as eminently fitted to deal 

with the first principles of the question."— Jons Bull. 

6. Rays of Sunlight for Dark Days. A Book of Select 

Readings for the Suffering. With a Preface by C. J. Vaughan, D.D. 
Royal 16mo. Elegantly printed with red lines, and handsomely 
bound, red edges, is. 6i. 
" Among the many books of comfort for the sorrowful and afflicted . , . scarcely 
has there been one that had the fitness to its end that we find in this little book. 
The spiritual wisdom and healthy feeling with which the contents have been 
selected, equally appear in their character, their suitable brevity, and their 
catholic union. We find thoufhffulness, tenderness, devouiness, strength in 
these well-chosen extracts." — ^NoNCONTOaMiST. 



14 HXW WORKS AND ITEW BDITI0X8, 

BT JOHN McLEOS CAMPBELL, 

Formerly Minister of Mow. 

The Nature of the Atonement, and its Relation to 
Remission of Sins and Eternal Life. 

8vo. cloth, 10*. 6(f; 

*' T^ii is a remarkable loole, as indicating the mode in which a devout and itUeU 
leotuat mind hat found its way, almost unassisted, out of the extreme Lutheran 
and Cahkiistic views of the Atonement into a healthier atmotj^here of doctrine, 
. . .We cannot assent to all the positions laid down by thts writer » but he ie 
entitled to be spoken respectfully of, both because of his evident eameitness and 
reality, and the tender mode in which he deals with the opinions of others from 
whom he feels compelled to differ P — Litekart Chukchmaic. 

BY THE RIGHT REV. G. E. LYNCH COTTON, D.D., 

Lord Bishop of Calcutta and Metropolitan of India. 

Sermons and Addresses delivered in Marlborough 
College, during Six Years. 

Crown 8yo. cloth, price 10^. 6<l, 

'* We can heartily recommend this volume as a most suitable present for a youth ^ 
^ or for famly reading ; wherever there are young persons, the teaching of these 
discourses will be admirable** — Litekabt CHUKOHHAir. 

Sermons : Chiefly connected with Public Events in 1854. 

Fcap. 8yo. doth, 3«. 
*' A volume of which we can speak with high admiration." 

Christiah Rbhxmbsjlncek. 

Charge delivered to the Clergy of Calcutta at his 
Primary Visitation in September, 1859. 8yo. 28.%d. 

THE ORE-SEEEER. 
A Tale of the Hartz Mountains, By A. S. M. 

Illustrated by L. C. H. Printed on toned paper, with elaborate 
full-page Illustrations and Initial Letters, and bound in elegant 
clotn with gilt leaves, 16*. 

This work is most elaborately illustrated, and is published as a 
Christmas present. The Observee of Nov. 18, 1860, says of it :— 

<* One of the most beautiful of the illustrated volumes published in the present 
season^ and one pre-eminently pted for a Christmas present. . . . Zeve and 
truth beautify the story, and render it delightful to all persons. . . . The iUue- 
trations are many of the finest specimens extant!* 



PUBLISBKD BIT UAdSLJAJ^ AKD CO. tt 

BT THE VENBLB. ABGHDEACON HARDWICE. 
Christ and other Masters : A Historical Inquiry into 

some of the chief Parallelisms and Contrasts between Chnstianiiy 
and the Religious Systems of the Ancient World. 

Religions of China, America, and Oceanica. In one volome. 

Religions of Egypt and Medo-Persia. In one volume. 

8vo. cloth, 78, 6i. each. 

** Never was so difficuli and complicated a subject as the historv »f PoffM 
retwion handled ss ably, and at the same time rendered so lucid ana attractive ** 

— -UOLONIAX CUUECH CHRONICLE. 



BY THOMAS RAWSON BIRKS, M.A., 

Rector of Kehkall, Examining Chaplain to the Lord Bishop of CarlUU: 
Author o/ •* The Life of the Rev. B. Biekersteth." 

The Difficulties of Belief, in connexion with the 
Creation and the Fall. Crown 8vo. cloth, is, 6rf. 

*^ A profound and masterly essay."— EcL^piic. 

** Bis arguments are original, and carefully and logically elaborated. We may 
add thai they are distinguished by a marked sobriety ana reverence/or the Word 
of Ood,**—iiECOBD, 



BY THE VERY REV. R; C. TRENCH, D.D., 

Dean of Weshninster. 

1. Synonyms of the New Testament. 

Fourth Edition. Fcap. 8vo. cloth, 6#. 

2. Hulsean Lectures for 1845 — 46. 

Contents. 1.— The Fitness of Holy Scripture for unfolding the 
Spiritual Life of Man. > 2. — Christ the Desire of all Nations; 
or the Unconscious Prophecies of Heathendom. 

Fourth Edition. Fcap. 8vo. cloth, 5«. 

3. Sermons Preached before the University of Cam- 

bridge. ' Fcap. 8vo. cloth, 2#. 6d. 



1« NEW WOKES AKD NEW BDITI0N8, 

BT DAVID MASSON, M.A., 

Prof WOT ofSnglish LiUratwre in UnivtnUf ColUgt, London. 

1. Life of John Milton, narrated in connexion with 

the Political, Ecclesiastical, and Literary History 

of his Time. Vol. I. 8vo. With Portraits. 18#. 

" Jfr. Maston'* JAfe of Milion has many sterling merits , . , his industry is 
immense; his ueal nnfiagging ; his spectal knowledge ofUHtofCs life and times 
extraordinary .... with a Zealand industry which we cannot sufieiently com- 
mend^ he has not only availed himself of the biographical stores collected by his 
predecessors, but imparted to them an aspect of novelty by his skilful re- 
arrangement:*— 'Es)llxv\JBJ&n Rethw. AprUt 1860. 

2. British Novelists and their Styles : Being a 

Critical Sketch of the History of British Prose 

Fiction. Crown 8?o. cloth, 7*. 6i?. 

'' A work eminently ealeulafed to win popularity, both by the soundness of its 
doctrine and the skill of its art"—TBZ P&iss. 

8. Essays, Biographical and Critical : chiefly on 
English Poets . 8 vo. cloth, 1 2#. 6d. 

CONTENTS, 
I. Shakespeare and Goethe.— II. Milton's Toath.~III. The Three 
DeTilB : Luther's, Milton's, and Goethe's. — IV. Dryden, and the Litera- 
ture of the Restoration.— V. Dean Swift. — VL Chatterton : a S<»ry of 
the Year 1770.— VII. Wordsworth.— VIII. Scottish Influence on British 
Literature. — IX. Theories of Poetry. — X. Prose and Verse: De Quincey. 

" Distinguished by a remarkable power of analysis, a clear statement of the actual 
facts on which speculation is based, and an apnropriale beauty of language. 
These Essaysshould be popular withserious men, — ^Ths Athsnaum. 

THE ILIAD OF HOMER. 

TRANSLATED INTO ENGLISH VERSE. 

By I. C. Wright, M.A., Translator of "Dante," late 

Fellow of Magdalen College, Oxford. Books I. — ^VI. Crown 
8yo. 6«. 

*^We know of no edition of the * sovran poet' from which an English reader 
can derive on the whole so complete an impression of the immortal Epos,** — 
JDailt Mxws. 



PUBLISHED BY MAOMILLAN AND CO. 17 

THE WORKS OF THE REK 

FREDERICK DENISON MAURICE, M.A., 

Incumbent of St. Peter'i, Fere Street, St. Marylehone. 

Lectures on the Apocalypse, or Book of the Reve- 
lation of St. John the Divine. Crown 8vo. doth, io«. ^d. 

What is Revelation P With Letters on Mr. Hansel's Bampton 
Lectures. 10«. 6<// 

Sequel to the Inquiry, '' What is Revelation ? *' 

V^Tith Letters on. Mr. Hansel's Strictures. 6#. 

Exposition of the Holy Scriptures : 

(1.) The Patriarchs and Lawgivers. 6«. 

The Prophets and Kings. 10«. 6rf. 

The Gospel of St. John. 10«. 6^. 

The Epistles of St. John. Ts.^d. 

Exposition of the Ordinary Services of the Prayer 

Book : ' 5«. 6^. 

Ecclesiastical History. 10*. u. 

The Doctrine of Sacrifice. 7*. ^d. 

Theological Essays. Second Edition. 10*. ^d. 

The Religions of the World. Third Edition. 6#. 

Learning and Working. 5*. 

The Indian Crisis. Five Sermons. 2#. %d. 

The Sabbath, and other Sermons. 2*. ^d. 

Law on the Fable of the Bees. 4#. 6i. 



The Worship of the Church. A Witness for the 

Redemption of the World. !'• 
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Jerusalem. Second Edition. 3#. 
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MANUALS FOR THSOLOGICAL STUDENTS, 

XmiFORMLT PRINTED AND BOUND. 

Thia Scriee.oMSieologieal.MaiiTiaLs has beoi pubUshed^vith'tie aim 
o£ Aappljingi hodcs coiicia0r comprekenBiye, and acoasat«, eoaTenieixiior 
Ihe Student and yet interesting to the general reader. 



Introduction to the Study of the Gospels. By Beoom 

Toss Westcott, M.A. formerly Fellow of Trinity College, 
Cambridge. ' Crown 8yo. cloth, lOt. 6d, 

**Tke worth of Mr, WeHcoiPt volume for the spiritual interpretation of the 
Ooepele is greater than we can readtly express even by the most grateful and 
sifiproving words » It presents with an unparalleled completeness^-4heiih(ata«* 
Uristie of the booh everywhere being this completeness — wholeness of view, 
comprehensiveness of representation^ the fruits of sacred homing. ^^^-HqS" 

CONTOBMIST. 



II. 
A General View of the History of the Canon of the 

New Testament during the FIRST FOUR CENTURIES. 
By Brooke Fobs Westcott, M.A. 

Crown 8vo. cloth, 12#. ^d. 

*' The Author is one of those who are teaching us that it is possible to rifie ^he 
storehouses ef Oerman theology, without bearing awaytheiainiof their afyiih 
sphere : and to recognise the value of their accumulated treasutcMy Und even 
trad the vagaries of their theoretic ingenuity, without abandoning in thejpursmi 
the vclear sight oftd sound feeling of English common sense . . <; Hisbyflar 
the best and most complete book of the kind; and we should be glad to see il 
well placed on the lists of our examining chaplains**— GxJhXDXkS . 

** Learned t dispassioHaie, discriminating, worthy of his subjeet, and the presetd 
state of Christian Literature in relation to if ."—British Qtjabteelt. 

**To the student in Theology ii will prove an admirable Text^Book: andtoaU 
others who have any cunosity on the s^bjeei it will be saHsfaetory as one bfik^ 
most useful and instructive pieces of history which f(ie records of^h^fihunk 

supply '''-liOVDOV QUAKTSKLT. 
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THEOLOaiCAIr MANUALS-eontiiiued. 

m. 

History of the Christian Church, during the Middle 
Ages and the Reformation (a.d: 590-1600). 

By the Venerable Charles Haebwick, Archdeacon of Ely. 

.2 vols, croivn 8to. lOt. 6rf. eaolt* 

Vol. I. History of the Church to the Excommunication of Luther* 
With Four Maps. 

Vol. 11. History of the Reformation. 

V Each Volume may be had separately. 

** Full in references and authority ^tysUmatic and formalin division, witA enough 
of life in the style to counteract the dryness inseparable from its brevity^ and 
exhibiting the results rather than the principles of investigation . Mr . hIbd- 
WICK is to be congratulated on the successful achievement of a difficult task,** 

— ChKISTIAIT BjBMEHB&AirCEB. 

" He has bestowedpatient and extensive reading on the collection of his materials; 
he has selected them with judgment; and he presents them in an equable and 
compact style.** — Spbctatok . 

" To a good method and good materials Mr. Habdwick adds that great virtue^ 
a perfectly transparent style. We did not expect to find great literary auaHHea 
in such a mamial, but we hMt found them; we should be satisfiei iniUi 
respect with conciseness and intelligibility ; but while this book has both, U ii 
also elegant, highly finished, and highly interesting" — Nonconiobmist. 

IV. 
History of the Book of Common Prayer, 

together mih a Rationale of the several Offices. By F&abcis 
Pboctbr, M.A., Vicar of Witton, Norfolk, formerly Fellow of 
St. Catharine's College^ Cambridge. Fourth Edition, revised aad 
enlarged. Crown 8vo. cloth, 10#. 6d. 

" Mb. Pboot£B*s * Hiatory of the Book .of Common Pnyer * is by far the beti 

commentary extant Not only do the present illustrations embrace the 

whole range of original sources indicated by Mr. Faxmer, but Mr. Procter 
compares the present Book of Common Prayer with the Scotch andAmerieau 
forms ; and he frequently sets out in full the Sarum OMces, As a manual of 
extensive information, historical and ritual, imbued with sound Church prineu 
pies, we are entirely satisfied with Mr. Procter's important volume** 

ChRISTIAJN AEHEMBBiJifCXB. 

** It is indeed a complete and fairly-written history of the Liturgy ; and from tie 
dispassionate way in which disputed points are touched on, will prove to numm 
troubled consciences what ought to be known to them^ viz. : — that they «m^, 
without fear of compromising the principleeof evangelical truth, give their assent 
and consent to the contents of the Book of Common Prayer, Mb. Procter ha9 
• d&ne a great service to the Church by this admirable digest.** 

OHtmcH or ENei.Ain>CllTiJiTKBLT. 
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I. ARITHMETIC AND; ALGEBRA. 
Arithmetic. For the use of Schools. By Babnard Smith, M.A. 

New Edition (1860). S48 pp. Answers to all the Questions. Crown Syo. 4«. 6d, 

Key to the above. Second Edition, thoroughly Eevised (1860). 

882 pp. Crown 8to. 8«. 6d. 

Arithmetic and Algebra in their Principles and Applications. 

With numerous Examples, systematically arranged. By Bakvard Smith, M.A. 
Seventh Edition (1860), 696 pp. Crown 8to. lOt.ed. 

Exercises in Arithmetic. By Barnard Smith, M.A. Part I. 

48 pp. (I860). Crown 8yo.l«. Part II. 56 pp. (1860). Crown 8yo. 1«. Answers, 
6d, The Two Farts bound together 2«. ; or with Answers, 2«. Gd. 

Arithmetic in Theory and Practice. For Advanced Pupils. By 

J. B&ook Smith, M.A. Fart First. 164 pp. (1860). Crown Syo. St. 6d. 

A Short Manual of Arithmetic. By C. W. Undbrwood, M.A. 

96 pp. (1860). Fcp. 8yo. 2«. 6tf. 

Algebra. For the use of Colleges and Schools. By I. Todhunteb, 

M.A. Second Edition. Crown 8vo. 516 pp. (1860). 7«. 6i. 

II. TRIGONOMETRY. 
Introduction to Plane Trigonometry, For the use of Schools. 

By J. C. SvowBALL; M.A. Second Edition (1847). 8to. 5«. 

Plane Trigonometry. For Schools and Colleges. By I. Todhunter, 

M.A. Second Edition, 279 pp. (1860). Crown 8yo. 5«. 

Spherical Trigonometry. For Colleges and Schools. By I. 

Todhumtxb, M.A. 112 pp. (1859). Crown Syo. 49. 6d. 

Plane Trigonometry. With a numerous Collection of Examples. 

By R. D. BxASLST, M.A. 106 pp. (1858). Crown 8to. St. 6d. 

Plane and Spherical Trigonometry. With the Construction and 

Use of Tables of Logarithms. By J. C. Snowball, M.A. Ninth Edition, 240 pn. 
(1857). Crown 8vo. 7*. 6il. 

III. MECHANICS AND HYDROSTATICS. 
Elementary Treatise on Mechanics. With a Collection of 

Examples. By S. Fa&kimsov, B.D. Second Edition, 345 pp. (1860). Cr. 8to. 9t.Gd. 

Elementary Course of Mechanics and Hydrostatics. 3y J. C. 

Smowball, M.A. Fourth Edition. 110 pp. (1851). Crown 8to. S«. 
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MECHANICS AND HYDROSTATlCS-earUiwued. 
Elementary Hydrostatics. With numerous Examples and 

Solutions. By J. B. Phsab, M.A. Second Edition. 156 pp. (1857). Crown 8to. 
5«. ed. 

Analytical Statics. With numerous Examples. By I. Todhuntbb^ 

M.A. Second Edition. 330 pp. (1858). Crown 8to. lOs. 6d. 

Dynamics of a Particle. With numerous Examples. By P. G. 

Tait, M.A. and W. J. Stsele, M.A. 304 pp. (1856). Crown 8vo. 10«. 6d. 

A Treatise on Dynamics. By W. P. Wilson, M.A. 176 pp. 

(1850). 8vo. 99. 6d. 

Dynamics of a System of Rigid Bodies. With numerous Exam- 
pies. By E. J. RoxnB, M.A. 336 pp. (1860). Crown 8vo. 10s. 6d. 

IV. ASTRONOMY AND OPTICS. 

Plane Astronomy. Including Explanations of Celestial Pheno- 
mena and instruments. By A. R. G&AKT, M.A. 128 pp. (1850). 8vo. 6«. 

Elementary Treatise on the Lunar Theory. By H. Godfbat, 

M.A. Second Edition. 119 pp. (1859). Crown 8to. 59. 6d. 

A Treatise on Optica By S. Parkinson, B.D. 304 pp. (1859). 

'Crown 8yo. 10«. 6d. 

V. GEOMETRY AND CONIC SECTIONS. 
Geometrical Treatise on Conic Sections. With a Collection of 

Examples. By W. H. Drxw, M.A. 121 pp. (1857). -4«. 6d. 

Plane Co-ordinate Geometry as applied to the Straight Line and 

the Conic Sections. By I. To]>htj»te&, M.A. Second Edition. 316 pp. (1858). 
Crown 8to. 10#. 6d. 

Elementary Treatise on Conic Sections and Algebraic Geometry. 

By O. H. FucxLX, M.A. Second Edition. 264pp. (1856). Crown Svo. 7«. 6d, 

Examples of Analytical Geometry of Three Dimensions. With 

the Results. Collectedby I. Todhuvtsk, M.A. 76 pp. (1858). Crown Sto. 4«. 

VI. DIFFERENTIAL AND INTEGRAL";; CALCULUS. 

The Differential Calculus. With numerous Examples. By I. 

ToDHUHTXK, M.A. ThirdEdition. 404 pp. (1860). Crown 8to. 10«. 6d. 

The Integral Calculus, and its Applications. With numerouB 

Examples. By I. Todhuntsb, M.A. 268 pp. (1857). Crown 8to. 10«. 6d. 

A Treatise on Differential Equations. By George Boolb^ D.CL. 

486 pp. (1859). Crown 8to. 14«. 

A Treatise on the Calculus of Finite Differences. By Gbobob 

BooLK. D.CL. 248 pp. (1840). Crown 8to. 10s. 6d. 
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VII. PROBLEMS AND EXAMPLES. 
A Collection of Mathematical Problems and Examples. With. 

Answers By H. A. Mobgak, M.A. 190 pp. (1858). Crown 8vo. 6*. 6d. 

Setlate-HotLse MathemiUjical Problems. With Solutions — 

1848-51. By FERRERS and JACKSON. 8vo. 15«. 6d. 

1348-51. (Riders.) By JAMESON. 8vo. 7». 6d, 

1854. By WALTON and MACKENZIE. 8vo. 10*. 6d. 

1857. By CAMPION and WALTON. 8vo. 8*. erf. 

1860. By ROUTH and WATSON. Crown 8vo. It.Sd. 

VIII. LATIN. 

Help to Latin Grammar ; or, the Form and Use of Words in 

Latin. With Progresuve Exercises. By Josiaji W&ight. M.A. 175 pp. (1855). 
Crown 8vo. 4*. 6d. 

The Seven Kings of Rome. A First Latin Reading Book. By 

JosiAH Wbioht, M.A. Second Edition. 138 pp. (1857). Fcap. 8vo. Ss. 

Vocabulary and Exercises on. "The Seven Kings." By JosLiH 

Wright, M.A. 94 pp. (1857). Fcap. 8vo. 2«. 6rf. 

A First Latm Construing Book. By E. Thring, M.A- 104 pp. 

(1855). Fcap. 8vo. 2*. 6d. 

Rules for the Quantity of Syllables in Latin. 10 pp. (1858). 

Crown 8vo. 1*. 

Theory of Conditional Sentences in Latin and Greek, By R. 

HoBTON Smith, M.A. SO pp. (1859). 8to. 2». ed. 

Sallust. — CatiKna and Jugurtha. With English Notes. For 

Schools^. By Chakles Mekivalb. B.D. Second Edition, 172 pp. (1858). Fcap. 
8?o. 4«. 6d. 
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Jfuvenal. For Schools. ' With English Notes and an Index. By 

J. E, Mayor, M.A. 464 pp. (1853). Crown 8Ta 1««. 6d. 

IX. GREEK. 

Hellenica ; a First Greek Reading Book. Being a History of 

Greece, taken trom Diodorus and Thucydldes. By Josiah Waight, M.A. Second 
,. .^Ol^ition. UO pp. (1857). Fcap. 8vo. 3s. 6d. . • 

Demosthenes on the Crown. With English Notes. By,B. 
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(1850). Crown 8vo. 8*. 
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